l'maBa VI
MHTEI'PAJIBHBIE ITPUHIIUIIBI
MEXAHHWRKHU U OBILIUE YPABHEHHUA
JATPAHKA

§33. MPUHIIUII HAUMEHBIIIEIO JEHCTBUA
TAMHMJIBTOHA

Mb1 3HAKOMBI y#e ¢ OJHUM U3 BapUalMOHHLIX NPUHIUIIOB MeXaHU-
KU — mnpuHnunoMm Hanambepa. dTOT NPUHUMUI HCXOJUT U3 IPOU3BOJILHO
BbHIOPAHHOT0O MTHOBEHHOI'0 COCTOAHUA CHUCTEMbl, KOTOPOe CpaBHUBAeTCA CO
CMEKHBIM €€ COCTOAHUEM, BO3HMKAIOUINM W3 NpebIAYIIero B pe3yibTaTe
BUpTyaibHoro nepememenus (cp. § 7). Hanporus, Te BapuanuoHHbIe MPUH-
OUOBI MEeXaHWKH, K U3YYEHUI0 KOTOPBIX MBI ceiiuac mepeiifeM, ABIAIOT-
CA UHMe2PALbHbLMU NPUHYUNAMUY: OHU TIO3BOJAIOT paccMaTpUBaTh PAJ MO-
Clle[JOBaTeIbHbIX COCTOAHUN CHUCTEMBI 38 KOHEUYHBI MPOMEKYTOK BpEeMeHU
WM, YTO TO e caMoe, Ha KOHEUHOM OTpe3Ke TPAeKTOPUM U CPaBHUBATh UX
C COCeJHUMU BUPTYalIbHbIMU COCTOAHUAMU, HAXOAALIMMHUCA C HUMU B ollpe-
IelleHHOM COOTBETCTBUU.

XapaKTepoM 3TOro COOTBETCTBUA U OTJIMYAIOTCA APYT OT Apyra pas-
JUYHbIe U HOCAIINE pa3iNyHble Ha3BaHUA MHTerpaibHble NMpuHOunbl. O6-
MUM AJA HUX ABIAETCA TO, YTO BapblpyeMasd BelM4YHHA UMeeT pa3Mep-
HocTb deticmeus. lloaTomy ux 06beJUHAIOT MOJ OOIUM Ha3BaHUEM — NPUH-
Yuns HauMeHbvULe20 delicmeusl.

B To BpemMA Kak MowHocmblo, KaK U3BECTHO, HA3bIBAIOT BEIUUYUHY
aHepeus : epema, delicmeuem HA3bIBAIOT BEIUUUHY C Pa3MEPHOCTHIO Hep-

1K coskaneHuio, 5TOT TepMHH BbIGpaH He coBceM yaauHo. Korjga Mbl FOBOPUM 0 MpH-
4YKMHe U AeiiCTBUM, MbI NOA AeiicTBUEM NOHUMAaeM cleficTBUE UM pe3yabTaT. C ToukHU ke
3pEHUA MPUHLNINA HAMMEHbIIEero AeifiCTBUA MPUPOJAA AOCTUraeT CBOeH Llelu NpAMeHImnuM
NyTeM, cllefloBaTelbHO, ¢ HauMeHblIeil 3aTpaToil cpenctB. [loaTomy Gonee ymauyeH GbLa
6bI TEPMHMH «IPUHLUI HauMeHbIIel 3aTpaThl cpecTB Npu Hauboabmem paeiicTBumn». Ho
rociie TOro, Kak TePMUH «JeficTBUe» caHKUMOHUPoBaH 'enbMroabiem u IlnankoMm, BeAkasd
3aMeHa ero Apyrum TepMUHOM Oblia 6b1 HecriepcrieKTUBHOM.
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2ua X epemsa. [IpuMepoM MOMKET CIYKUTb dJIeMeHTapHbI KBaHT AelcTBUA
[Inanka, ¢ KOTOPBIM MBI BCTpPETUMCA B § 45, UMEHHO — BelUUYUHA

h=6,624-10"2"spz - cex.

BHauane Mbl 0ocTaHOBUMCA Ha NpuHyune Haumervuezo deticmeus Ia-
MUALITIOHA, @ PACCMOTpPeHNe UcTopuUuecKky Gosee paHHero npuHiumna Momep-
Tiou oTyoxuM 10 § 37. [Ipunnun N'amunbToHa oTaMYaeTcA oT npuHiuna Mo-
HePTION TE€M, YTO B HEM He 004HCHO 8APbUPOBAMbCA 8PeMA. ITO 3HAUYUT, YTO
cucTeMa MpOXOAMT OJHOBPEMEHHO Kak uepe3 TOUKY AeiCTBUTEIbHOU Tpa-
eKTopuM (C KOOPAMHATAMMU ZTy), TAK U 4epe3 COOTBETCTBYIOIIYIO €ff TOUKY
TPaeKTOPUH, MONyYaeMoii B pe3ylbTaTe BapbiupoBaHuA (MIyCcTh KOOPAUHATHI
9TOit TOYKU OyAYyT ) + dx)). Tarum obpasom, qid npunuuna ['amuiabToHa
nMeeT MeCTO

ot =0. (33.1)

IIpu »TOM MBI JOMMHBI OTMETUTBL, YTO, TOBOPA O «TPAEKTOPHHU CHUC-
TeMbI», MbI II0JIpa3yMeBaeM He TPAEeKTOPHUIO OTJAEIbHOU TOUYKH CHUCTEMBI
B TPEXMEPHOM MPOCTPAHCTBE, 8 MHOTOMEPHYIO XapaKTEPUCTURY [IBUHKEHUA
Bceii cucTeMbl B lenoM. Eciu paccMaTpuBaemas cucTeMa umeet f cTeneHeit
cB0GO/IbI, TO TPAEKTOPUA €€ JBUMEHHA pacloliokeHa B f-MepHOM MPOCTpaH-
cTBe 0606LEHHBIX KOOPAUHAT ¢1,... ,qf (cp. 70).

Kpowme ycnoBua (33.1), Mbl npu paccMoTpenun npunuuna [amuibToHa
HaKJa/lbIBaeM Ha BapualuU ellle OAHO J00aBOYHOE OrpaHUYeHMe: MOJOHe-
HUe HavanabHol Touku O U KOHeuyHoi! Touku P paccMaTpuBaeMoro ydyacTKa
TPaeKkTOpPUHU He JOJNKHO BapbUpoBaTbcA. TakuM oOpa3oMm, And KamAol Ko-
OpAVHATHI T JOJIHHO BBINOIHATbLCA yCIOBUE

dx=0 mpu t=ty, u t=t;. (33.2)

Puc. 51 paetr cuMBoanuyecKoe TpexMepHOe NpeJcTaBileHHEe B3alMHO-
ro MOJOKEHUA MCTUHHON TPAeKTOPUM CHCTeMbl (CIVIOLIHAA KPHUBAfA) U ee
BUPTyanbHON TpaeKTopuu (MYHKTHpPHAA KpUBaf): ciaralolieec U3 COBO-
KYIIHOCTH BceX dx cMmellleHUe §¢ MOJ#HO ObITb BIOJHE MPOM3BOJbLHBIM
BJI0JIb BCell TPAeKTOPUH, 38 UCKIIOUEHEeM HavyalbHOW U KOHEYHOH TOYeK, U
JOJIAHO NpelcTaBiATh cO00i HellpepbIBHYIO U AU depeHUnpyeMylO QyHK-
LUIO OT t, IpUYeM Kaik[ble [Be COOTBETCTBEHHble TOUKM [eHCTBUTENbHON
¥ BapbMPOBaHHOI TPaeKTOPUM, CBA3aHHbIE Me# Ay co0oil Bapuanueit dq, oT-
HOCATCA K OJHOMY U TOMY #€ MOMEHTY BpeMeHH t.
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Mepeiigem Tenepb K BbIBoLy mpuHiumna [aMuibTo-
Ha. MbI GyileM HCXOAUTD [PU 9TOM U3 npuHIuna Janam-
Gepa B dopme (10.6):

D {(mnin) Swp+ (mudje — Vi) Syk+ (ma . — Zr) 024} = 0.

k=1
(33.3)
Tarkum 06pa3oM, Mbl pacCMaTpUBaeM CUCTEMY U3 1 IKC-
KPETHBIX MaTepHalbHbIX TOUEK, KOTOpbIe, OJHAKO, MO-
ryT GbITb CBA3aHBI APYT C APYTOM MOCPEACTBOM KaKMX-
Puc. 51.  Bapua-  ;y60 cBazeit. Bapuaunu dxy, 0yy 1 02, KOTOpbIe TaKHe
unA TpaeRTOPI“m COOTBETCTBYIOT 3TUM CBA3AM, He He3aBUCHMbI APYT OT
B IIpHUHDOHUIIE a-
PHHI apyra. IIpu f cTenenax cBo60abI TOABKO f U3 HUX MOTYT
MmuiabToHa. Bpemsa
ObITh BbIOpPAHBI MPOU3BOJILHO.
He BapbupyeTcA
Mpoussenem B ypaBuenuu (33.3) moka uto Qop-
MalbHOe npeoOpa3oBaHue:

4 () (). (33.4)

fi’k&l}k = dt

_xkdt

Ho ceituac e 3amagum cebGe BONpOC: 4YTO cCledyeT NOHUMAaTh 3[€Ch
noj %(&vk)? UTo6bI OTBETUTH HA 3TOT BONPOC, MbI CPABHUM MeK Iy co6oii

HE TOJIbKO UCTUHHYIO TPAEKTOPHIO (COCTOAIIYIO U3 TOYEK Tp) C BUPTYalb-
HOU TpaeKkTopueil (CocToAlIell U3 TOYEK L) + 0Ty ), HO TAKKe U CKOPOCTh g
BIOJIb UCTHUHHONU TPAEKTOPHUU CO CKOPOCTBIO & + 0 BHOAb BUPTYalbHOU
TpaekTopuu 8 odun u mom dxHe momenm epemeHnu t. CKopocTb Ty + Oy,
BJOJb BUPTYyalbHOIt TPaeKTOPHH, 10 oNpeleleHNI0, paBHa

(fﬂk +0wk) = Tk + (5$k)

[IpupaBHuBas apyr Apyry o0a BeIpaeHNA BUPTYalbHOI CKOPOCTH, MbI
HOLY YU M:

i (5$k) = 0. (33.5)

IogcraBuB 310 B Bhipasenue (33.4), 6yaeM MMeTh:

L52). (33.6)

irkéa:k) — .%"k&i‘k = i :bkéwk) — 2

ikéwk = i dt(

dt(
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AnanoruuHble BbIpaeHUA MBI MONYYUM, pa3yMeeTcA, U 1A KOOPAUHAT Yy
U 2j, cleoBaTelbHO, ypaBHeHue (33.3) MOMHO MepenucaTh CleLyHmuM
o6pa3oM:

% > mu(Ekdwk + 0y + 2x0zk) =

m . . .
=> T’“&(a:i +ir+ ) + Y (Xpdzy +
+ Ykéyk + Zkézk) (337)

Bropoii unen npaBoil yacTu 3TOro ypaBHEHHUA eCTh He UTO HHOE, KaK BUPTY-
anbHasA pabota A, T.e. paboTa BHENIHUX CHJ HA paccMaTpUBaeMoOM BUPTY-
anbHOM nepeMenienui. [lepBblii e WieH NpaBoil yacTu ABIAETCA Bapuauueii
KUHETHYecKoil 3Hepruu 1 cucTeMbI:

myg . . .
T:ZT(mﬁij,f—kzﬁ)

IpU Tepexoje OT UCTUHHOM K BUPTyalbHOU TpaekTopuu. IloaTomy ypaBHe-
aue (33.7) MO#KHO YIPOCTUTH CIEAYIOMUM 06pasoMm:

% 3 i (Ender + rdye + 2021) = 6T + 5 A. (33.8)

IIpexne yuem fmenaTh AanbHeliline BbIBOJbI, HYHO CKa3aTh HECKOJIbKO
ClIoB 10 moBoay coorHomenus (33.5). llepenuimiem ero B ciepyiomieit popme:

ds. — 592
& ox = 5%, (33.9)

[IpuHumas Bo BHHMaHHe, YTO ¢ He BapbUpyeTcHa U 4TO U3 0t = 0 cieayer
takke ddt = 0, MbI MoeM cooTHoleHue (33.9) nepenucarh B BUAE:

doz _ 0dz 0y g5z = §da. (33.9a)
dt dt

['naBHBIM 06pa3oM, B 3Toii nociepHeil popme «dd = dd» coorHomenue (33.9a)
Urpano IJI00TBOPHYIO, XOTA M HECKOJbKO (MUCTUYECKYIO» PONb B CTAPOM
BapUalMOHHOM HCYMCIEHUM BpeMmeH Jilnepa. Mbl BUAMM, YTO COOTHOILE-
uue (33.9a) ABAAeTCA NUIIL BULOM3MEHEHHEM [0BOJIbHO TPHUBUAILHOIO CO-
otHoienuu (33.5) Me Iy MPOU3BOJHON MO BPEMEHH OT BUPTYalbHOrO Ie-
PEMEIIeHUA U BUPTYalbHbIM U3MEHEHUEM CKOPOCTH, eClli 86eCmu JonoaHu-
meavHoe npednoioicerHue o MoM, 4IMo 6peMa He 6aPbUPYemcs U UTO BUPTY-
alnbHOE NepeMelleHue HelpephIBHO.
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Temepb BepHeMcsA K ypaBHeHuio (33.8) v mpouHTErpupyem ero mo t
B mpejeiax ot to 10 ¢1. Ilpu aToM, coriacHo ypaBHenuio (33.2), neBas yacthb
ypaBHeHUA 06paTUTCA B HYIb, U MbI TIOJYyUYUM

/ (0T + 6A4) dt = 0. (33.10)

to

HpI/IMeHHH Hall crnocob6 BapbHpoOBaHUA, MO#iE€M TaKie HalucaThb:
t1 t1
5/Tﬁ+/ﬁAﬁ:0. (33.11)
to to

OnHako 6bL10 OBl HENPABUILHO 3aMEHUTH MOCIEeJHUN MHTerpail BbIpaKeHu-
em 0 [ Adt, Tak Kak BNOJIHE ONpe/IeNeHHbIHA CMbICI HMEIOT JIUIIb BUPTYalb-
Hafa pa6ota A u snemeHTapHasa pabota dA, Ho He cama paGota A. Pa6o-
Ta A He asasemcsa, soob6uwe 2060pa, «PyHkyued cocmoanusy. OHa ABnAeTCA
«byHKIIMEN COCTOAHUAY NUIIbL B TOM ciyuae, korja dA npeacraBiasfer co6oit
«MOJTHBIN auddepeHnnany, T. e. KOrja BHEIIHUE CUIbI yA0BIETBOPAIOT YCIIO-
BUAM CYIIeCTBOBaHUA NnomeHyuaabHol snepeuu V (cp. no6aBienue K §18).
B atom ciayuae mbl MoxeM B ypaBHeHuu (33.11) 3amMeHUTH

/6Adt yepe3 —/6th = —5/th.

Bnarogapsa atomy ypaBuenue (33.11) mpuHHMaeT KJIacCHYECKH HIPOCTYIO
$opmy:

6/(T —VYydt=o. (33.12)

JTy ¢opMy U mojapasyMeBalOT OObIUHO, KOTJla T'OBOPAT O mnpuHuune [a-
MUILTOHA; OHA crpaBeaiuBa (cM. cTp. 135) 1A KOHCEPBATUBHBIX CHCTEM.
Hanportus, dpopmyny (33.11) Mbl HasbiBaeM «npuHyunom I'amuavmona, oG-
O0ULeHHbLM 0AR CAYLAA HeKOHCepBAMUBHBLY CUCITLeM).

Msr yTBepskaaeM, uto B popmyie (33.12) uau B dpopmyie (33.11) (tak
me, Kak B npuHyune Janambepa) saxaiouena 6cA MexaHuKd. TUM MOLUED-
KuBaeTcd oco6oe 3HaUeHUe dHepreTudeckoil Benuunnsl T — V. B mexanuke
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9Ta BellMunHA HasbiBaeTcA Pynryuet Jaepansca, u dopmyia (33.12) sanu-
ChIBaeTCA TaKie B BHUJIE

t1
J/Ldt:(), L=T-V. (33.13)
to

lenpMronbu, KOTOpBINt B CBOMX MOCHeIHUX paboTaX HCIOIL30Bal NMPEUMY-
[MeCTBEHHO NPUHIWI HauMeHbIlero aeiicTBufA B ¢opme [amuinnrToHa, Ha-
3Ban L «kuHnemuyeckum nomeHnyuaromy. Ilo aHazoruu ¢ TepMOAHMHAMUKOM
MO#HO ObLI0 ObI Ha3BaTb L «c60000H0l sHepzuelly, B TPOTUBOIONOHHOCTh
TepMUHY «noaHas sHepeusy ana T + V.

IIpunyun N'amMuabTOHA 0COOEHHO IIeHEH B TOM OTHOIIEHUU, YTO OH CO-
BepILIEHHO He 3aBUCUT OT BbIOopa cucTeMmbl KoopauHat. [leiicTButensHo T
uV (kak u 0A) ABNAIOTCA BeIWYMHAMHU, UMEIOI[UMU HEMOCPeCTBEHHbIMH
¢U3UYECKU CMBICI; OHU MOTYT ObITh BhIpameHbl B MIOGBIX KOOpAMHATAX.
Me1 Bocnonb3yemMcea 3TUM B clleyloleM maparpade.

[Tpunuun l'amunbTOHa, TaK e KaKk U OCTalbHble IPUHIUNBI HAMMEHb-
mero JefCTBUA, KamylIMMcA 06pa3oM MPOTUBOPEUUT HallleMy MpecTaBie-
HUIO O MPUYMHHOCTH, MOCKOJbKY, COINIAaCHO 3TOMY NPUHIHUIY, IPOTeKaHHe
npoliecca BO BpeMeHH OIpefleIAeTCA He COCTOAHUEM CUCTEMbI B HACTOAM[UIA
MOMEHT, a BbIBOAUTCA C yYETOM B paBHOIl Mepe mpouleaniero u 6yayuiero
cucteMbl. HHmezpaivHble NPUHYUNDL ABAAIOMCA, KA3AA0CH Obl, HE KAY3A.1b-
HblMU, a meaeoaozuieckumu. K s3ToMy Bompocy ™Mbl BepHeMmcd B § 37, Kor-
na GynemM paccMaTpuBaTb UCTOPUYECKOE IPOMCXO#AeHUe NMPUHIUIOB Hau-
MeHblero fefictBufa. TaM e Mbl KOCHeMcA Bollpoca O paclpoCTpaHeHUU
npuHnuna ['amMunbToHa Ha Apyrue obaacTy GUIUKHU.

§34. OBILIME YPABHEHUSA JIATPAHMAA

PaccMOTpUM NpPOU3BOILHYIO MEXaHUYECKYIO CUCTEMY; HOMYCTUM CHa-
yaja, 4TO Ha ee COCTABHbIE YACTH HAIOMEHbI TOJIbKO TOJOHOMHBIE CBA3U
U uTO OHa uMeeT f cremneHeil cBoGombl. Toraa Mbl MoxeM BBecTH [ He-
3aBUCHMbIX KOODPAMHAT, ONpPeeNAMNX MIHOBEHHOE MOJN0MEHNEe CHCTEMBL.
O6o3Ha4YnM 5TH KOOpPJAMHATHI [KaKk B ypaBHeHuu (7.2)] uyepes

qi, q2, -+ 5 qf- (341)
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JTo Hamu «o6o6IeHHbIe KoopauHaThly. ConocTaBUM UM «0606IIeHHbIE CKO-
pocTuy

(jly QZa seey qf (3418)

COBOKYIHOCTD BCEX ¢k U (i MOMHOCTBIO ONpeelfieT MTHOBEHHOE COCTOAHNE
CHCTEMBI.

Pacecmotpum 3To Gonee moxpo6Ho. [lomycTHM cHayala, 4TO IOJOe-
HHE CHCTEMbI OMHCHIBAETCA KOOPAUHATAMH &1,... ,ZLn, KOTOPbIE MOLYT U
He GbITh OOBLIYHBIMU MPAMOYTOMLHBIMU KoopAuHaTamu. IlycTh Ha HUX Ha-
noxeHo (n — f) ycnoBuil cBA3u:

Fp(z1, 22, ..., 20) =0, k=f+1,f+2,...,n. (34.2)

C momomeio 1, T2, ..., T, ONPeleldeM KOOPAUHATHI g KaKk HEKOTOpPbIE
GYHRIIUYU clefylollero Buja:

Fy(z1, 22y ooy xn)=qx, k=1,2,..., f. (34.2a)

O6o3nauas yepes Fjj, yacTHbIe TPOU3BOJHBIE OT fi, 0 x; U AUdPepeHIUpyA
no ¢t ypaBHenus (34.2a) u (34.2), monyuum:

n . i k=1,2 ..., f,
ZFik(l‘h ooy Tp)di = (34.26)
i=1 0, k:f—l—l,...,n.

Otciona &; ompenenAlOTCA KaKk NUHeHHbIe QYHRIUU OT i C K03 dULUEH-
TaMH, 3aBUCALIMMHU OT X1, ..., Tpn WIH, B cuay ycinoBuit (34.2) u (34.2a),
OT ¢i, ... , . RuHeTHueckan sneprus 1', AnAomascaA oJHOPOJHON KBad-
paTu4HON QyHKUHUEH OT &; (KaK U B UCXOOHBIX MPAMOYTONbHBIX KOOPAU-
HaTax), GyJeT Takme OJHOPOAHON KBagpaTUUYHON (QyHKIUEN OT ) ¢ KO3d-
¢unueHTaMHU, 3aBUCAMINMHU OT (. lloTeHunanbuyto sHepruwo V Mb1 Gyjaem
BHayalle CYUTATh 3aBUCAIIEN TOINbKO OT KOOpAUHAT . BrmpoueMm, B nenax
nanbHeimux 060061IeHnil, B HAallleM pacCMOTPEHUU MbI He UCKJIIOYaeM MpPUH-
HUNUATLHO BO3MOKHOI 3aBUcUMOCTU QyHKUUM V oT ;. B cBA3M ¢ sTuM
mononaHuM omnpegnenenue (33.13) ¢dyuruun Jarpanma B ToMm cMmbicae, 4To L
caedyem paccmampuseams kakx GYHKUUIO om qr U .

PyroBoacTBysach 3TuUM omnpefeneHueM, obpasyem Bapuanuio L, T.e.
PasHOCThb MeKay 3HaueHuAMH L B BUPTyalbHO BapbUPOBAaHHOM COCTOAHUU
(xapakTepusyeMoM 0606IEHHBIMI KOOPAUHATAMH @) + dq) 1 06001IEHHBIMU
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CKOPOCTAMH () + 0Gi) ¥ B MUCXOJHOM COCTOAHWMHU (CO 3HAUEHUAMHM 0060GIIEH-
HBIX KOODJUHAT U CKOPOCTEH, COOTBETCTBEHHO, Gk U ():

5L = Z S day +Z L 5. (34.3)

3Ty Bapuanuio BBeaeM B BhIpasi€HH€ IMPHUHIOUIIA l'amunbToHa:

t1
/ SLdt = 0. (34.3a)

to

Takaa ¢opma 3anucy OTJIMYAETCA OT NPUHATONR B dopmyie (33.13) Tem,
YTO 3[]eChb BaphUpOBaHUEe NPOU3BOAUTCA 10]] 3HAKOM HHTerpana, B TO BpeMA
Kak B BbIpameHuu (33.13) oHO BbIHeCeHO 3a 3HaK MHTerpaia. JTo, OAHAKO,
momycTuMo BBUIy yciaoBud (33.1): «t u dt He BapbupyOTCAY, U, Gonee TOro,
[ae COOTBETCTBYeT Toii dpopmynupoBke (33.10), B KOTOPOH MbI BIEpBbIE
BCTPETUINChL ¢ NpUHIUNOM ['aMuibTOHA.

NurerpupoBanue o BpemMenu B hopmyie (34.3a) Mbl BBINOIHUM TIpeH-
Ile Bcero 1A oOIIero uieHa BTOPoit cyMMbI B Bbhipasenun (34.3) 1 mpousBe-
IeM C NOMOULbI0 UHME2ZPUPOBAHUA NO HACMAM Npeobpazosarue, KOTOPOE CO
BpemeH Jitnepa’ ABNAeTcA XapaKTepHLIM JIIA BCEro BapUalMOHHOTO MCUKC-
JeHUA:

t1

o) ¢9L oL
/8(1 (Sth—/ oq dt—aké
to

B sToM naBOWHOM paBeHCTBe MEpBbIM ujleH MpaBoil yacTu obpaiiaeTcs
B HYIb, coriacHo ycnoBuio (33.2). [loaTomy, ncnonbays Beipasenue (34.3)
aasg 0L, MbI OTy4YnM:

t1 i1

_ d 9oL _ 0L =
/ OL dt = / Xk: ( it D 3%) dqp dt = 0. (34.4a)
to to

!Boo6me ypaBHeHuem diinepa NPOM3BOILHON BapUALMOHHON 3a4aud Ha3bIBAIOT MO-
nyuyaemoe 1o obpasuy ypaBHeHuil (34.4) u (34.5) nuddepeHunanbHoe ypaBHeHHe THUIA
(34.6). TarkuMm 06pas3oM, MOMKHO CKa3aTb, UTO ypaBHeHUA JlarpaHa ABIAIOTCA diinepo-
BbIMU YpPaBHEHHMAMHU BapUalMOHHON NpobieMbl, 3agaHHON QyHKUMei L.

d oL
) / g e dt. (344)

to
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IMockonbKy Bapuauuu dqr Memay coGoil He3aBUCHUMbI, MbI MOeM Bce gy
MOJNOMUTHL paBHbIMU (), KpOMe OJJHOI, OTHOCUTEILHO KOTOPOi MbI MOKEM JI0-
MyCTUTH ellle, YTO OHA TaK#e obpallaeTcA B HyJb BJOJIbL BCeil «TPAeKTOPHUY»
puc. 51, KpoMe OKPeCTHOCTHU OJHOU TOUKHU, WIH, UTO TO e caMoe, Kpome
uHTepBala BpeMeHU At, 3aKiII0YaIONIEr0 NPOU3BOIbHbIA MOMEHT BPEMEHH t.
Torga oA Toro, 4To6bl UMENO MeCTO paBeHCTBO (34.4a), MbI JOIKHBI MO-
TpeGoBaTh BHINMOIHEHNA CIEYIOUIEro yCIOBHA:

d0L _ oL _
( i 3qk> / Sqi dt = 0. (34.5)
At

Ho nu At, uu dq; B unTepBane At He obpamaioTrca B Hyab. [loaTomy (s
KaKJJoro MpPOU3BOJNbLHO BHIOPAHHOTO MOMEHTa BpeMeHU | M AJIA KakJoro
IIPOU3BOJBLHO B3ATOrO UHAEKcA k) Mbl HMeeM:

d 9L _OL _ (34.6)

dt Ogr  Oqi

JImo u ecmv o6wue ypasHenus Jaepanica unu, uuave, ypasnenua Jazpanoca
8Mopozo poda IA paccMaTpPUBaeMOro HaMHU Cilydas, KOrJa CUIbI, IeficTBY-
Iolllie Ha CHCTEMY, UMEIOT MOTEeHIHal, a CBA3H, CYUIEeCTBYIOIIUEe BHYTpPU
CUCTEMbI, ['OJOHOMHBI.

Ecnu raroe-1u60 u3 3TUX ABYX YCJOBHUI He BBINOJNHAETCH, TO ypaBHe-
HuA JlarpaHsa OpUHIMAIOT COOTBETCTBYIOMYIO 06001eHHYO hOpMY.

B nepBoM ciyuae (cuibl He MMEIOT NOTEHIHana) ClIeAyeT HCXOAUTh
u3 ¢opmynupoBku (33.11) npunnuna HauMenblero faefictBud. Ilpu sTom,
BbIpajiafi BUpTyalbHYIO0 paboTy dA uepe3 BUpTyalbHble HepeMelieHud dq,
MO0 UM:

§A =" Qrig. (34.7)

Beedennvie sdecy rosdduyuenmot Qp Mol Ha308eMm 0000WEHHBLMU CULAMLU,
coomeemcmsyowumly 0600UeHHbLM KOoOpJUHAmAM (r. DTO ABIAAETCA (op-
MalbHbIM pacliMpeHUeM MOHATHA CHIbl U, KOHEUHO, IOMYCTHUMO KaK Ma-
TemaTuueckoe onpepeienue. llenrecoo6pasHocTh BBeIeHUA MOHATUA 0600-
I[EHHOM CUiIbl OGHAPYKUBAETCA, HAIIPUMep, B TOM, UTO AaHHOE B BbIpajie-
uuu (9.7) ompejelieHre MOMEHTA CHJIbI OTHOCHTEIbHO OCH Temepb MOKET
ObITh COPMYIUPOBAHO ClIeJyIOMKUM 06pa3oM: <(MOMEHT CHJIbI OTHOCUTEb-
HO OcU IpejcTaBifeT co6oil 0606IIEHHYIO CHIY, COOTBETCTBYIOUIYIO YTy
MOBOpPOTa BOKPYT 3Toit ocuy. CoBepiieHHO ACHO, YTO BEIUYUHBI (), Ompeje-
aseMble popMmynoii (34.7), yie He ABNAIOTCA BEKTOpPaMu U, BooGIie roBopH,
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OTHIOIb He J0JKHbI UMETh pa3MepHOCTH «JuHbly. IX pa3aMepHOCTD, coriac-
Ho ¢opmyite (34.7), CylIeCTBEHHO 38BUCUT OT Pa3MEPHOCTU COOTBETCTBYIO-
el KOOpJUHATHI g ¥ B ClIy4yae MOMEHTa CUJIbl, KAK Mbl 3HAaeM, ABIAETCA
pa3aMepHOCThIO paboThI, T. €. «3pPa», MOCKOILKY COOTBETCTBYIOIIee g — Be-
AuuuHa Ge3paszMepHas.

HoxncraBus Buipamenue (34.7) B ¢opmyny (33.11) u npousBeisa BbI-
1IeonycaHHble npeobpasoBanus [cM. paBeHcTBa (34.4) u (34.5)], MbI BMecTO
ypaBHeHuil (34.6), oueBUIHO, NOLYUUM:

d or oT

401 91 _ Q.. 34.8

R A (34.8)
BmecTo 3TUX ypaBHEHUI MbI MOKeM HamucaTh ellle HeCKOILKO Gonee 001I1e
ypaBHEHUA:

(34.8a)

HNMmeHHO, Korja TONbKO 4YacThb [efiCTBYIOMIMX CHJI HMeeT IOTeHIual,
a ocTalbHbIE CUJIBI €r0 He HMEIOT, MO#HO HanycaTh B IIPaBoii YacTu ypaBHe-
Huit (34.8a) TonbKo Te (), KOTOPbIE COOTBETCTBYIOT CUIaM, HE UMEIOUIUM
NoTeHIMala; MOTeHINANIbHYIO #e BHEpruio OCTalbHOW YacTU CHI MOMKHO
B ypaBHeHuu (34.8a) 06beIUHUTH C KUHETUYECKON 3Heprueil T B QYHKIHUIO
Jlarpauma L.

dtu ypaBHenusa (34.8a) aBaAoTcA obwumu ypasHenuamu Jazpanica,
Ko20a wacmov cua He uMeem nomeHyuaid.

Nanee, eciu MbI OTKa#eMcA OT BTOPOI'0 U3 YIIOMAHYTHIX yCIOBHIi, T. €.
JOMYCTHUM, UTO YacTh U3 HalOKEHHBIX HAa CUCTEMY CBA3eil HErolIOHOMHA, TO
MBI T€M CaMbIM 3aTPOHEM caMblii cnocod BBeleHUA 0600IEHHBIX KOOPAU-
HaT Q.

CornacHo onpefeneHnio, HErOJIOHOMHbIEe CBA3M Mbl He MOKeM IpefcTa-
BUTh B Qopme ycaoBuit (34.2) u, ciegoBaTelbHO, He MOMKEM HCKIIOUUTH
UX IyTeM COOTBeTCTBYMoIIero BeiGopa q. HanpoTus, Ham npujgeTcsa BBeCTH
u306bLMoYHble KOOPJUHATHI ¢, YUCIO0 KOTOPBIX IIPEBBbIIIAET UYUCIO CTemeHeit
cB0oGoabI B GeckoHeuHo Manoii o6aactu. llociennee yucao pasHo f—r (f —
YUCNIO cTeleHell cBOOOABI B KOHEUHOH 06JacTU, 7 — YKMCIO HETOJIOHOMHBIX
cBfi3eit). MbI BbIpa3uM 3TH HETOJOHOMHBIE CBA3Y B BUE BUPTYalbHbBIX YCIO-
BHii, aHATOTMYHBIX ycioBHIO (7.4):

f
ZFku(qla"'aqf)(squO, :U/:la 2,"'9T‘ (349)
k=1
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JTU yCNOBHMA HamaraloT OrpaHMYeHUA HA JOMYCTHUMble Bapuauuu dqg. ATO
orpaHvuyeHre Mbl yYTeM IIyTeM YMHOMEHUA KamaIoro u3 ypasuenuit (34.9)
Ha MmHoxcumens Jazpamsca A\, U CyMMHUPOBaHUA UX IOJ 3HAKOM MHTerpana
B dpopmyie (33.13). 3anuceiBas, Kpome Toro, pyHKIHIO F' B HecKolIbKo 6oiee
COKRpallleHHO!H ¢opMe, MbI IOMYUUM:

t1

/ (OL + > XuFiy Sqr) dt = 0.

to n=1

[Ipeo6pasoBanue Jiinepa NPOU3BOJUTCA TaK #e, Kak U B popmyie (34.4);
IpH 3TOM BMecTO BblpasieHus (34.4a) noaydaercd cieaylolee:

t1 .
4oL _ oL _

[IpaBaa, Temepb Bapuanuu g, y#e He ABIAIOTCA, Kak Mpes#/e, He3aBUCUMBbI-
MU, a CBA3aHbI Me# 1y coGoit yeaoBuamu (34.9). OqHaKo MO#HO paccy1aTh
TaK, Kar 3TO U3JI0#EHOo Ha cTP. 91: IPH COOTBETCTBYIOIEM BhIOOPE MHOMY-
Tenell \,, T U3 4uclIa CKOGOK, yMHOMEHHBIX Ha Jq; ofpallaloTcs B HYIIb.
Torpa B ocTaBIIylOCA CYMMY 10 k BOMAYT TOAbKO f — 7 HE3aBUCUMBIX JPYT
oT apyra dq. Paccy:aenue, aHanornuHoe npuMeHeHHOMY K dopmyne (34.5),
y6emxaeT Hac B TOM, UTO U OCTajlbHbIE BhIpaKeHUA B CKOOKax oGpaliamTca
B Hynb. TakuMm o6pa3oM, MblI MONy4YaeM MOJIHYIO cUcTeMy f ypaBHEHUN

dOL _ 0L _¥
&ioa " oa ;Aquu. (34.11)

dTu ypaBHeHUA MOTYT OLITh Ha3BaHbl ypasHenuamu Jazpanxica cmeutannozo
muna, Tak Kak 3aHMMAalOT IPOMeKYTOYHOE MOJI0KeHue MeM1Y ypaBHeHU -
mu Jlarpan:;a nepBoro u BTOporo poja.

CiefyeT Tak#e OTMETUTb, YTO ITOT CMEIIAHHBIH THUIN ypaBHEHWii
BCTpeyaeTcA He TOJAbKO TOTJa, KOrjJa Mbl He MoxeM UCKIIOYUThL OTIelb-
HbIe YCIOBUA CBA3U (Cyydail HErOMOHOMHBIX CBA3€il), HO U TOTa, KOrja Mbl
He XOTUM UX MCKII0YaTh. A MMEHHO, Hac MOKeT UHTepecoBaTh NpuHydice-
Hue, OKa3bIBaeMOe Ha CUCTEMY TFOJIOHOMHBIMM CBA3AMM. DTO NPUHYHJAEHUE
NMpeJcTaBleHO KaKk pa3 MHOMHTENEM Ay, COOTBETCTBYIOINM JaHHOMY yCIIO-
BHIO CBAI3W [Kak B ypaBHeHuu (18.7) B ciydae cdepruveckoro MaATHHKA),
¥ MOeT ObITb ONpeJeleHo IyTeM HHTErpupoBaHuA ypaBHeHwuii (34.11).
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HakoHeln, oueBHIHO, MOMHO TakKie KOMOMHUPOBATH APYT C OPYTroM
ypaBHenusa tunoB (34.11) u (34.8a), ecnu oTKasaTbcA OLHOBPEMEHHO OT
06oUX MPeJIooKeHuil, IPU KOTOPHIX ObLIN BbIBe/leHbl ypaBHeHuA (34.6).

Ho mb1 Ha 3TOM ocTaHaBIAMBaTheA He 6yJeM, a pacCMOTPUM 3/leCh TOJIb-
KO BOIIPOC, Kak ¥ NPU KaKUX HOMYIeHNUAX MO#HO BbIBECTU 3AKOH COIpAHe-
Hus osnepeuu u3 ypasHenuit Jlarpauma (34.6).

Bblwe, mepen Tem, Kak moaydutsb popmyny (34.3), MbI yie yKasblBaiu,
yto L ABnAercA QyHRIUEN OT g U (r; Telepb MBI CIIeNUAIbLHO MOJUEPKU-
BaeM, 4T0 gyHryus Jazpanica L ne doaxcHa A6HO 3asucems om epemeHu t.
Torpa cootHomenue (34.3) GygeT cnpaBelMBO He TOJbKO IJA BUPTYalb-
HbIX U3MeHeHU dqy U O, HO U 1A AeHCTBUTEIbHBIX U3MEHEeHU! BO Bpe-
MeHU dq, d§; TakuMm oOpa3oMm,

(fl—f = qu—ql; + Z (jkg_ql;- (34.12)
k k
C n#pyroii cTOpOHBI, MBI TaKe NOAYEPKUBAIU, UYTO KUHETHUYECKafA DHEp-
rua T ABIAeTcA OJHOPOAHOM KBaApaTHuHol ¢yHKEUueid! oT . [losToMmy,
NpUMeHAA TeopeMy Jiliepa 06 0OJHOPOJHBIX QYHKIHUAX, MOIYYUM:

27 =% qu—q];. (34.13)
k

Ecau T mawoce ne 3asucum asHo om t (CM. HUME), TO OTCIOfIA My TEM
nuddepeHnupoBaHud 1Mo ¢ MOAHO HaWTH:

dT _ N~ d T
2% = 2 W gy +Z (34.14)

Berutem nouneHHo ypaBHeHHe (34.12) u3 ypaBHenus (34.14). Torpa, BBULY
Toro, uto L =T — V', B neBoii yacTU MOJyUUTCA
dar , dv

at T ar

!Eciu 310 mame He MMeeT MecTa, Tak uTo L ABIAETCA NMPOU3BOALHON dYHKLHEH g
U (), MOHO JOKa3aTb «0000I[eHHBbI!l 3aKOH COXpPaHEHWUA DHEPrUM», UMEIOMmHUil cleayio-

myio popmy:
H = Z qk — L = const.

OmnpepeneHHy10 TakuM oGpasoM cpyHKuM}o H wmbt 6ynem B ra. VIII HasbiBaTh «pyHKLUeH
l'aMuAbTOHAY; YaCTHBIM ClIy4daeM NPUBENEHHOT0 ypaBHEHHUA ABIAETCA 3aKOH COXPaHEHUA
9HEpruu, BblpaMaeMsblii ypaBHeHunem (34.158).
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BTopbie uneHbl B IpaBoif yacTU B3aMMHO YHUUTOKalOTCA, eclid V' He 3aBU-
CUT OT qi. IIpu TOM ke ycnoBuH, coriacHo ypaBHeHusaMm (34. 6), obpaTurca
B HYJb U Pa3sHOCThb MEpPBBIX WIEHOB B mpaBoil yacTu. ClefoBaTenbHO, MbI
uMeeM:

av

E + =0, (34.14a)

OTHYJa 3arjvaeM, 4To
T+V =W, (34.15)

T.€. 3A4KOH COXPAHEHUS dHepeuu Aeasemca caedcmeuem ypasnenutl Jlazpan-
aHca.

PaceMoTpuM MexoHble TONOHEHUA ITOTO BA#HOTO BBIBOJA.

a) Kuneruveckan sseprusa T [0 cCBOEMY CMBbICIY ONpeXelfAeTcH MOI0-
#EHNEeM M CKOPOCTBIO CHCTEMBI, T.e. fAiBlfAeTcA ¢yHKuMeil ¢ u ¢; T Moraa
Gbl ABHO 3aBHCETb OT ¢ TOJbKO B pe3ylbTaTe HCKIIOUEHHA yCIOBHil CBf-
3H, B cllyyae eciu Obl MoclHeHUe 3aBucenn oT t1. OfHAKO, MbI yiKe BUEIN
(cm. cTp. 93), 4TO TakWe cBA3M NPOM3BOAAT paGOTy Haj CUCTEMOH H, clle-
[0BaTeNbHO, HAPYWIAIOT coXpaHeHue 3Hepruu. Takum o6pasoM, He3aBUCH-
MocTb T OT BpeMeHH NeHCTBUTENbHO ABIAETCA HEOOGXOLMMBIM YCIOBHEM
BBIIIOIHUMOCTH 3aKOHA COXPAHEHNA SHEPrUu.

6) YcnoBue, uro L He [JOI#HO ABHO 3aBHCEThH OT ¢, CBOAUTCH, HA OC-
HOBaHUH BbIIIECKA3aHHOT0, K yCI0BUAM HezaBucuMocTU V ot ¢. llocaenuee
Tak#e ABIAETCA HeOOXOAMMBIM. B IPOTHBHOM cllyuae mpaBaf 4acTb ypaB-
HeHuA (34.12) cofepskana 6bl YieH

_ov
ot’

KOTOpPBIN Torjga mofABmicA Obl U B MpaBoil yactu ypaBHeHus (34.14a) c 06-
paTHBIM 3HaKoM. Takum o6pasom, BMecto 1"+ V = const, Mbl UMenH Obl

d v
7T +V) =50 (34.15a)

T.€. B 9TOM Clly4yae 3aKOH COXpaHeHUA 3HEepPruu TepfAaeT CUIy.

!Takue 3aBucAIME OT BpEeMeHHM YCIOBHA HA3bIBAIOTCA DEOHOMHbLMU (TEKYIUMH)
B NPOTUBOMOJOMHOCTb YCIOBUAM, He 3aBUCAIIUM OT BPEMEHM, KOTOpble Ha3bIBAIOTCA
cKAepOHOMHBIMU (TBEPABIMHU).
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B) Ecin V 3aBuCHT He TOJBKO OT ¢, HO TaKikKe OT (i, TO yUUTHI-
BafA ypaBHeHusA (34.6), MbI MOAY4YMM pa3HOCTb MpAaBBIX YacTell ypaBHe-
Huit (34.14) u (34.12) B Buge

d OV N~ OV _dN . OV
qu i Dir aqk = g1 2 (34.156)

B sToM ciyuyae, mpaBma, UMeeT MeCTO 3aKOH COXpaHeHUA, HO ¢opma ero
OTJIMYHA OT OGBIYHOIA:

T+V - Z ng—;; = const. (34.158)

U3 usnoxeHHOro Mbl BbIBeJeM ellle OJHO clelCTBHe, KOTopoe GyneT
HaM 10Je3Ho B jganbHeiimeMm. Beipasum L — 2T = —(T + V), ucnoansys
nas 2T soipaskenue (34.13) u cHoBa cuutas V ¢yHKuKe Tonbko gg. Toraa
Mbl HailjieM, 4TO

. OT . 0L
—T+V)=L-Y @ =L -y 4 9%
( ) @ B % 5an
nin
. 0L
T+V = = — L. 34.16
E Qkaqk ( )

Takum obpasoM, noanaa snepeua T + V moxem Ovumsv onpedesena us ewi-
padceHus «c60600Hotl anepeuuy L.

JoBoabHO abecTpaKkTHBIE paccyskIeHNUA, cojlepiallieca B 3TOM Naparpa-
¢e, GyayT B MOJTHOII Mepe KOHKPETU3UPOBAHbI HAa NMpPUMepaXxX, NPUBOAUMBIX
B ciaenyiomem mnaparpade. Hadg Toro 4ToGbl MOATOTOBUTH pacCMOTpEHUE
STUX IPUMEDPOB, HaiiieM BhIpaskeHUA BXOJAIIUX B ypaBHeHHA JlarpaHs:ka

BeJUYUH
oL |, oL
aq 0q

IJIA IPOCTEMNIIero YacTHOrO cliyyad OTAeIbHOM MaTepualbHON TOUKU U AJIA
OOBIYHBIX MPAMOYTONbHBIX KOOPAUHAT I, Y, 2. MbI moxy4yum:

T:%(J? _|_y +z) %:g—g:mi‘ U T. 1.
8_L:—8—V:X U T. 1.

ox or
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0L

[TockonbRy, KaKk MbI BUANM, BeIUYUHA o paBHa T-KOMIIOHEHTe UMIYJbCa,
z
oL
MblI 6y/ieM Ha3bIBaTh BOOOIle Dir 0606U,eHHbLM UMNYAbCOM, COOMBEMCMEY-
dk
uwum o6obuenHoll Koopduname qr. Tak Kar, ¢ IpyTroil CTOPOHBI, BhIpa#ie-

HHUe B—L JaeT xr-KOMIIOHEHTY CHJIbl, MbI 6y11eM Ha3bIBaTb 06a noJqryyarommx-

or

L
cA U3 oL 4ylileHa 06000UleHHbLMU CULAMU, COOMBEMCMBYIOWUMU 0606 eHHbLM

dq

Koopounamam q:

or _ 9V _ OT _
o~ 50 = 5 (34.17)

T
0q
cuioit Jlarpausa (mocnefHAA 3aBUCUT OT TOTO, YTO IPHUPOJA KOOPAUHATHI ¢
MeHAeTCA C UBMEHEeHUeEM II0JOHEHNA B HpOCTpaHCTBe). I[J]H He 3aBI/ICHIlIeI71
OT MOJIOKEHUA B MPOCTPaAHCTBe Hapanneanoﬁ CUCTEeMbl KOOpAWHAT, KaKoi
fIBJIAETCA CcucTeMa KRoopauHar r, Yy, z, 9Ta IocileqHAA 4acCTb 0606LH6HHOI71
CUJIbl paBHAa HYIIIO.

UMeHHo, () — BHelIHelt cuiiol, kKak u B hopmye (34.7), a — (UKTUBHOMN

§35. IPUMEPBI HA TIPUMEHEHUE OBIIINUX
YPABHEHU JATPAHKA

Mps1 BbIGepeM NpUMepbl, KOTOPhIE MBI y#e paccMaTpUBalu ¢ IOMOUIbIO
3MeMEHTapHbIX METO/IOB, YTOGLI Ha HUX MOKA3aTh HPEBOCXOACTBO GhopMalb-
Horo MmeToja Jlarpanmxa.

1. MurkaonpganbHbIii MaATHUK

B kauecTBe 0606I1IeHHON KOOPJUHATHI 3/leCh YA0GHO B3AThL yrod IO-
BOpoTa ( Koneca, obpagyiomero nukiouny (cm. puc. 26). Coraacuo dop-
mynam (17.2), npAMoyroibHble KOOPAUHATHI BHIPAKAIOTCA Yepe3 3TOT Yroi
cleyomuM o6pa3om:

a(p —sing), &= a(l - cosp)p;
a(l+cosp), U= —asinpp.
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OTcroia MblI onpeaenaeM:

M2 22 2 22
T = 7(3: +9°) = ma*(1 — cos p)p=,
V = mgy = mga(l + cosp), (35.1)
L = ma*(1 — cos p)¢* — mga(1 + cos ).
Huuero Gonee OTHOCHTENbHO F€OMETPUM M MEXaHMKHM paccMaTpUBaeMoi
CHCTEMbI HaM 3HATh He Hy#HO. Bce ocTanbHOE «BBINONHUT 3a Hacy (op-
ManbHbIi MeTon Jlarpansa. [loabayAch UM, MbI TIOLy YaeM:

g—é’ = 2ma*(1 — cos )y, g—i’ = ma? sin p$? + mgasin g,
ia_L _ 2 _ . 2 . .92
& 0p 2ma*(1 — cos )@ + 2ma” sin pp~.

Takum o6pasoM, nuddepeHnalbHOe ypaBHeHUe JBUMEHNA MaATHUKA 3a-
NUIIeTCA B BUJe

(1 —cosp)p + Lsingg? = L sing

2 2a
WY, T0C/e BBEJEHUA MOJIOBUHHOIO yria U COKpalleHua Ha 2 sin %,
0254 Loos P2 — & cos @
sin 5 ¢ + 5 €08 597 = 5~ cos 5. (35.2)

Jlerko yﬁe,HI/ITbCH, YTO JjeBafdg 4aCTb 9TOI'0 ypaBHEHHA TOMAECCTBEHHO paBHa

2
—2d— cos f'
dt? 2
CnepnoBarenbHo, Halle nuddepeHnnalbHoe ypaBHeHUe COBIAamaeT C Npe-
HUM AuddepeHnnanbHbIM ypaBHeHneM (17.6), ¢ momombio KOTOpOro Ghia

JOKa3aH TOYHBIN HN30XPOHHU3M LHURJIOUAAIBHOIO MafATHHURKA.

2. Chpepuueckuii MaATHUK

RKoopannatamu g MaTepualbHOU TOUKH 3heCh ABIAIOTCA yribl ¥ U ¢,
T. €. OJAPHBIN yrol U reorpadpuyeckad mupoTa Ha cdepe paauyca [. KBan-
paT sjleMeHTa [JIMHBI 3alUIIETCA B BUIE

ds® = 12(d® + sin® 9dyp?).
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HOSTOMy KHHeTHU4YeCKafd 3Heprufa paBHa
T = %12(192 + sin? 9¢?).

Broipamana moTeHUMalbHYIO 3Hepruio, kak B ¢opmyne (18.5a) B Buae
V = mgl cos ¥, nonyunm:

L= %12(192 + sin® ¥?) — mgl cos 9. (35.3)

Tenepb BcTynamT B CHIIY «aBTOMaTHUYeCKHey onepamnuu mo cxeMe gopMalib-
Horo Metoja JlarpaHsa: mocie oTAeleHUA MOCTOAHHBIX MHOkUTeNel mTud-
¢depeHnManbHble ypaBHEHNA, OTHOCANIMECA K ¥ U ¢, IPUHUMAIOT CIEAYIO-
AU BUI:

J — sind cos 9?2 — %sinﬂ =0,

%(12 sin® 9¢) = 0.

(35.4)

Bropoe u3 sTux ypaBHeHuii npecTasisgeT co60il 3aKOH MIIOMIA/IEl, B TIONHOM
cornacuu ¢ ypaBuenueM (18.8). Ilpu aTom MblI 3aMeuyaeM, 4TO 3[eCh yiaa-
Joch 06oiiTHCh 6e3 mpeoGpa3oBaHUA KOOPJUHAT, KOTOPOe MpellecTBOBANO0
ypaBuenuio (18.8). BBoasa koHcranty miomageit C' u3 ypaBHenus (18.8),
nepenuiieM nepsoe ypasHenue (35.4) B popme

J = CiLSﬁ%-Esim?.

* sin®y !

Bropoit uneH npaBoii 4YacTH COOTBETCTBYeT MOMEHTY CHIbI THMECTH
M = mglsind, roTopselii npejcraBadeT cob0il COOTBETCTBYIOUIYIO YIiIy
g = ¥ 0606uennyo cury () B cMmbicie onpeaenenus (34.7). epserit unen
npejcTaBifeT GUKTUBHYIO cuiy Jlarpanska B cMmbicie popmyisl (34.17); aTa
cuia o6ycioBieHa TeM, YTO Tpagychl A0JATOThI, COOTBETCTBYIONINE JaHHOM
KoopauHaTe 1), pacrnoyoxeHbl Ha chepe He «mapalliielbHOY, a PacXodATCA MO
Mepe yjAaleHud OT ToJoca.

BecbMa noyunTenbHO Tak#e MpojeiaTh HAa 3TOM NpUMeEpPe NPeAYyCMOT-
penHoe B (34.11) oGo6ueHue ypaBHeHuil Jlarpansia, BBOOA B paccMOTpe-
HHe, HAapA#Y ¢ U, , UBIUIIHIOI KOOPAMHATY 7. XOTA 3Ta KOOpJUHATa yiKe
onpeJeneHa yciloBueM r = [, HO OHa UHTepecyeT Hac IMOTOMY, UTO JaeT BO3-
MOHOCTB C MOMOIIbI0 MHOMUTENA \ ONpeleldiTh JaBleHue MaTepualbHOU
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TOYKM HA MOBEPXHOCTH cepbl, UM, YTO TO #e€ CAMOe, HATAMEHNEe HUTH Ma-
ATHUKA. [[11A TOro 4yTo6bl MONYUYUTh COOTBETCTBYIONIEE AU depeHIranLHoe
ypaBHeHUe, HaM HYKHO JHUllb BMecTO hopmyisl (35.3) HamucaTh:
m . 5 .« 2 9
L= 7(7'2 + 7r29% + r? sin® 99?) — mgr cos ¥ (35.5)

¥, B JIONOJHEHHe K OBYM ypaBHeHUAM (35.4), HOLyYUTH elle TPeTbe ypas-
HeHue Jlarpan:xa:

%mﬁ — mrd? — mrsin® 9? + mgcos ¥ = Ar. (35.6)
IIpu stom Beauunny Fy,, Bxoasmyio B ypaBHeHus (34.11), MbI MON0KHM
paBHON r, mepemnucaB ycioBue r = [ [11A NPUBENEHUA B COOTBETCTBHE
¢ ycnoueMm (18.1)] B dopme

F=z(r-1?=0.

DO | =

Ho u3 ypaBuenus (35.6) mpu r = u 7 = # = 0 caenyert:
M = mgcos® — ml(9? + sin® 9?). (35.7)

Jdra dpopmyna coBnanaet ¢ popmyaoii (18.6), eciu B mocaegHeil mpousBec-
TH npeoOpa3oBaHye OT MPAMOYTONLHBIX KOOPAUHAT K chepudeckum (9, ¢).
Ms1 BUAMM, YTO U 3TO npeobpa3oBaHie KOOPAUHAT CTAHOBUTCA U3IULIHUM
6i1arogapa npuMeHeHHIO ¢dopManbHOro MeToja Jlarpasa.

3. JIBoiiHOIT MaATHUK

B rauecTBe 06061€HHBIX KOOPAUHAT () 3[€Cb YI0OHO BbIGPATh YTJIbI (0
u 1), o6o3Hauverubie Ha puc. 38. [lonb3yfAch o6o3HaueHuAMY § 21, 3anuiiemM:

X = Lsing, x:Lsin<p+lsin1/;;} (35.8)

Y =Lcosyp, y=Lcosy+lcosp.

OTcroa moxy4um:
_M

T= 2

M+ m

TL2¢2 + %121/'12 + mLl cos(p — V)P,

V=-MgY —mgy=—(M + m)gLcosp — mglcos.

(X2 +7%) + F (3" + %) =
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Mocnennee BbIpa;eHre UMeeT OTPULIATENbHBIN 3HAK, Tak Kak (cp. puc. 38)
MONOUTENbHOE HalpaBieHue Y U y COBNAJAET C HalNpaBIeHUEM CHUJIbI TH-
#ectu. Dyuruuio Jlarpanssa, pasayio T'— V', Mbl 0603Ha4uM 3/ech yepes A,
TaKk Kak yepe3 L MbI y:ke 0603HauMIU AJMUHY MaATHUKA. Torga

83 = (M +m)L + mLLcos(p )9,

oA 2,7 :

= =ml*y +mLlcos(p — R

8% (0 (p—9)¢

% = —(M +m)gLsing — mLlsin(p — 1/))4,5@&,
gi —mgl siny + mLlsin(p — )¢ .

IIpu HanucaHuM BhITERaIOUINX O0TCIOAA ypaBHeHuUil Jlarpansa Mbl cpa3y me-
peiiieM K ManbIM yriaM ¢, ¥. BBugy toro, uto ¢, 1) ABNAIOTCA BeIMYHHAMM
TOrO 7K€ MOpAJIKA MaJoCTH, YTO ¢ U 1P, KBaApaTaMU UX MOMHO peHeOpeyb.
Torpa uckomble ypaBHeHud JlarpaH:;ka NpUHUMAIOT ClIeJyIOIUNA BUL:

prTe= M+mL%

b+ Sy =-Lp,

(35.9)

Jmu ypaerenusa orasviearwmes udeHmuyuHsimu ¢ ypasHenuamu (21.3), ecan
npogenath o6paTHoe npeoGpa3oBaHue OT yTIOBBIX KOOPAUHAT (o, P K KOOp-
auHataMm X, z o ¢opmynam (35.8), yIpOIIeHHBIM [ clIy4as MalbIX @, 1:

_ X _zz—X
p=7, V= .

ITo HemocpeACTBEHHO 0YEBUIHO 1A BTOPHIX ypaBHeHuit (35.9) u (21.3); To
e caMoe MoMydvaeTcA AJIA NepBbIX ypaBHeHuit (35.9) u (21.3), ecan B ux
NpaByO YacThb MOACTAaBUTh 3HAYEHHE w 13 Broporo ypaBuenus (35.9). Ilos-
TOMY BCe paccCy#IeHUA OTHOCUTENLHO Ipoliecca KoleGaHusA, OTHOCAIIUECA
K ypaBHeHUAM (21.3), MOJIHOCTBIO COXPAHAIOT CHIY U [JA HAIIKUX HOBBIX
ypaBHeHui#l (35.9) ¥ UX MOMKHO 3[jechb He OBTOPATh.

Crenyer elile TOJYEPKHY Th, YTO B HAIlEM YUCTO (POPMalbHOM PaccMOT-
PEHUU 8000We He WAQ Petb OMHOCUMEAbHO HAMANCECHUA HUMU MAAMHUKA [;
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KaKk ye YKasblBaloch B MpUMeuyaHUU K cTp. 151, 3To HaTA#eHUEe HEABHO
YUTEHO B caMOM MeTojle ypaBHeHUii JlarpaHsa Kak BHYTPeHHAA pearlUA

CHCTEMBEI.

4. TAkenblli CHUMMETPUYHBIN BOJTYOK

Knaccuyecknmy KoopAMHATaMU gy, JUIA 3TOMN 3a4auul ABIAIOTCA 31epo-
BbI YTl ¥, o U 1) [ 1 ¢ MbI yie BBoAUIN B BbIpamenuax (25.4) u (26.5a)].

Mz1 onpeniengemM UX BMecCTe C COOTBETCTBY-
IOIIMMU YTJIOBBIMH CKOPOCTAMHU CleJyIOLUM
o6pasom (puc. 52).

1) ¥ — yroa Memay BepTHRAIbIO U OChIO
hurypsr; 9 — yrioBaf CKOPOCTb BpalleHUA BO-
KpYyT JUHWUU Y3J0B, IepIEeHAUKYJIAPHON K obe-
UM 3TUM OCAM.

2) ¢ — yroun, 06pa3oBaHHbIN IMHUEN Y3108
C HEKOTOPO! HeNoABUHHOM NPAMON B FOPU30OH-
TallbHOH MJIOCKOCTU, HAllpUMep, C OChIO T; z/J —
yrioBaf CKOPOCTb BpallleHUA BOKPYT BepTUKa-
au.

3) ¢ — yroa, o6pa3oBaHHbIl JTUHUEN y3-
JIOB C HEKOTOpO# HENOoJBUMHOW NMPAMON B 3K-
BaTOpUAJbHON INIOCKOCTU BOJYKa, Halpumep,
c ocbio X; ¢ — yrioBafd CKOPOCTb BpalleHUAd
BOKPYT ocH (UTyphI BOJIYKA.

Bennuunsl 19, ©, 1/) ABJIAIOTCA (2010HOMHbL-
MU», HO KOCOYTOJbHBIMU KOMIIOHEHTaMU BeEK-
TOpa YTIJIOBOH CKOPOCTH BpalleHWA w B IpoO-
THABOIOJIOAHOCTh BeJIWYHUHAM p, ¢, T, KOTOpbIe
ObLIN  NPAMOY20AbHbLMU, HO HE20L0HOMHBLMU
clraralmuMu BekTopa w. Huskecnenytomasn
Tabnuna faeT BeIMYMHbI HalpaBlIAIIUX KO-
CUHYCOB MexJy o06eMMHU TpOWKaMU KOMIIO-
HEeHT p, ¢, T U 19, ©, 1[}; OJIHOBPEMEHHO OHa (PUK-
cupyeT BbIGOP MOJOMUTENbHBIX HalpaBleHUMN
BpallleHuA 19, P, 7,/; (B cooTBeTCTBUU C MpaBU-

Puc. 52. Omnpepenenue 3ii-
1epoBbIX YTIOB ¥, ¢,
Y HalpaBleHuil UX oTcue-
Ta. 0603HaYeHNA oceil COOT-

BETCTBYIOT KOOPAMHATHBIM
cucTeMaM, BBEJEHHbIM Ha
ctp. 185 (2 — Beprm-
KalbHafA IUHUA, 7 — OCb
GUrypnl, T — HENOJBUM-
HafAd TOPU3OHTAlbHAafA MpA-
Mmasa, X —mpAmasn, 3aKper-
JeHHafd B BKBAaTOpUAlbHOH
IUVIOCKOCTU BpaIAIOUIerocs
Tena)
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JIOM IpaBoro BI/IHTa)Z

) ¢ 0
cos 0 sin 9 sin
P 14 14 (35.10)
—singp 0 sin ¥ cos ¢
r 0 1 cos 1

B cuny crazansoro B . 1 u 3, nepBble ABa cToaOLa TabMUIBI HE Tpe-
6y1oT nodcHenuit. HeTpynHo yAcHUTB cebe U CMBICT TPEThEro cTob1a, eciiu
c006pPasKTh, YTO NPOEKINA BePTUKAILHOrO BEKTOPA JIMHbI 1) HA SKBATOPH-
albHYIO MIOCKOCTh paBHa &sinfﬂ U UTO IpH NOCIeIYIOIEM MPOEKTUPOBa-
HUU Ha KOOPAMHATHBIE OCH B CaMoil YKBATOPUANbHON MJIOCKOCTU OHA JAeT
Kar pa3 NpHBejleHHble B Tabiaulle craramoliye pu p U q.

Hrak, Tpu ropu3oHTaIbLHBIX CTPOKU Halleil TaGIUIbI JaIOT:

p = cos @i + sin 9 sin ),

q = — sinpd + sin 9 cos i), (35.11)
T = ¢ + cOS 197,&.
OTcrona
p? + ¢ = 9% 4 sin® 992, (35.11a)

U3 Bripamenus (26.17), monaraa B = A, nonyudaem:

(92 + sin? 992) + € (¢ + cos 94))2. (35.12)

T = 9

2o

Ha ocuoBanuu dopmyust (25.6a) naA noreHuuanbHoit sHepruu V B moie
TAMECTU UMeeM:

L=T-V=

A

= 3(192 + sin? 99?) + %(cp + cos¥))? — Pcos?, P =mgs. (35.13)

Takum o6pasom, ¢byHkuudA Jlarpanma L He 3asucum OT KOOpPAUHAT ¢ U 1,
a 3aBHCHUT TOJbKO OT COOTBETCTBYIOI[UX UM cKopocTeil. B Takux cryuasx
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( ¥ 1 Ha3BIBAIOT NUKINYECKUMHU KOOpJUHATAMH. JTOT TEPMUH 3aUMCTBO-
BaH M3 3aJayd 0 BpallamlleMcA Kolece, IHHaAMUUYeCKOe NOBeleHHe KOTO-
poro, o4eBHAHO, COBEPIIEHHO He 3aBHCUT OT €r0 MTHOBEHHOIO IOJIOMeHN A,
a ompefendeTcAd JUIIb €ro OKPY#HOI1 ckopocThio. UTak,

oL _ 9L _

op Oy
CorsiacHo ypaBHeHuAM JlarpaHsa, obpamialoTca B HyJb U IIPOU3BOJIHbIE O
BpeMeHU OT BeJUYUH

oL . OL

oty o
B xonue npeasigymiero naparpada Mbl Ha3Bajlul 3TU BEIUUYUHBI 06001 eHHbL-
MU UMNYALCAMU, COOMBEMCMBYIOWUMU 0000WEeHHLM KoopouHamam ¢ u 1.

Bnpenb mMbl 6ynem ob6o3HauaTh ux OyKBO# p. Tak, B 001eM BUJe MbI MU-
mem:
Pr = 8—L-
e
Tarkum ob6pa3oMm, i ciydad HUKINYECKUX KOOPJUHAT @ MbI MOMEM BbI-
CKaszaThb clefyiolllee YTBepMAeHUE: yuriuieckue 0000UleHHble UMNYAbCHL
cymov nocmosHHble uHmMezpuposanus. B HalieM ciydae cMbICI 3THUX IOCTO-
AHHBIX HaM ye u3BecTeH u3 gopmyn (25.6). Umeem:

(35.14)

po =N, py=n. (35.15)

Onnako panbure (cTp. 188) MBI He CMOINIM BBIPAa3UTb 3TH NOCTOAH-
HbIe Yepe3 yrabl Jiinepa. Teneph e BOCHOAb3yeMcA OGUIMM COOTHOIIEHNEM
(35.14), us KoTOpOrO HaiixeMm:

pe = G = 06 +cos 09,
oL . ) (35.16)
Dy = % = Asin® 99 + C cos 9(p + cos D).
CpaBuuBas Bbipasenus (35.15) u (35.16), norydaem:
>+ cos9p = ¥,
4 4 c (35.17)

Asin? 99 = n — N cos .



264 TI'nasa VI

JTHUM U HCYepIbIBaeTCA cojep#aHue ABYyX ypaBHeHuii Jlarpanxa. TpeTbe
ypaBHeHHe JlarpaHa, onpejeindiollee 3aKOH U3MEHEHUA BelUYNHbI

oL 3
po = — = A7, (35.18)
v
nMeeT cnegyromnﬁ BU]T [ECJII/I ¢ moMouibio cooTHomeHua (35.17) uckiaio-
9UTh U P

(n — N cosd)(ncosd — N)

A = - + Psind. (35.19)
Asin® ¥
paBaf 4aCThb 3TOr'o ypaBHEeHUA, MoJdyYdaromaacAa nu3 %, CooepHUuT He TOJb-

KO yKe 3HaKOMBI HaM ujleH, YUWTLIBAIOWMUN [JeHCTBUE CHMJIbI TAHECTH
[cp. dopmyny (25.4)], Ho Tak:#e U «OUKTUBHYIO CHILY», 06y CIOBIEHHY O, KaK
MbI 3HaeM (cM. ¢Tp. 256), IpUPOI0it BHIOPAHHON CUCTEMbI KOOPIMHAT.
YpaBuenue (35.19) umeeT Bua 06061eHHOr0 ypaBHeHUA MaATHUKA. Ho
HaM He Hy#HO 3aHUMAaThbCA ero HHTerpupoBaHMeM, Tak Kak MblI pacioJjara-
€M UHTerpajoM 3Hepruu
T+V =W, (35.20)

KOTOPbIH J[OMKEH COBNAJaTh C DEe3yJbTATOM MNEePBOr0 WHTErPUPOBaHUA
ypaBHeHus (35.19). Uckitovas ¢ noMouibio ypaBHeHuii (35.17) BeanduHsl ¢
1 1), BxoaAmye B Boipaxenue (35.12), Haxogum u3 dopmyist (35.20):

A n — N cos? ? N2
A ) a2 n — N cos v N* _
5 {19 —I—( im0 ) }+20+Pcosﬂ—W. (35.21)

Tak Kak Mbl UMeeM 3[eCb TPU NOCTOAHHBIX UHTerpupoBanud n, N u W, to
BbipameHue (35.21) ABIAETCA 00WUM UHMEZPALOM NEeP8o20 NOPAOKA 3adaiu
0 6oauke. Haronen, samensieM 9 u 1, Kak Mbl yKe Jelaiu B § 18 nna cnyuas
chepuyecKroro MagsTHUKa, 0 Gopmyiaam

cost = u, sindd = —1.

Torpa noxyuum mpocTto
d 2
<d—7t‘) =U(u), (35.22)

U= (M N £u> (1—u?) - (”_—N“)2 (35.23)
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Tak kak U(u) ABIAETCA MHOTOUIEHOM TPETheil CTeNeHU OTHOCUTENLHO U,
TO BpeMA t BbIpamaeTcH, Kak U B cilydae cepruyecKoro MagTHUKA, 944UMN-
muyeckum uHmezpalom nepeozo poda:

u
du
t= | —= (35.24)
VU’
a a3uMyT 1), COrIacHO BTOpOMY ypaBHeHuio (35.17), BolpaskaeTca saaunmu-
weckum unmezpaaom mpemovezo poda (cp. ctp. 133):

—Nu_ du
%= /A1—u)\/ﬁ' (35.25)

Tenepb MbI MOMEM IOBTOPUThH pacCy#AeHHA, OTHOCAMMECA K puc. 29
(cTp. 132), u TakuMm o6pa3oM IpuieM K U306pameHuIo, MpelcTaBIeHHOMY
Ha puc. 53; ciefl ocu GUTypbI BoTUKa Ha cdepe eJMHUYHOTO pajuyca napai-
JEIAMU ¥ = Uz U U = U1, KOTOPLIX OH KacaeTcA. Kak BuaHO u3 puc. 53, 3T0
KacaHue MOeT IPOMCXOAUTh JU60 Ge3 IepeMeHbl HalpaBleHUusA JBUAEHIA
ciefia, 1160 B Bujie meTau (KOTOpafA B YaCTHOM CIyuyae MOMET BbIPOJUThCH
B ocTpue). 3a BpeMA KamJI0ro TAKOro KauaHUA WU «IUKIA» 0Cb (QUrYpbI
BOJIUKA NPOJABUraeTCA 110 a3UMYyTy Ha OOMH U TOT e yroa A, KOTOpbIH
Bruncisercd no gopmyie (18.15).
B yacTHOCTH, /1A TOTO, UTOOLI BOIYOK

coBepIlal peryafapHyIo Ipeleccuio BOKPYT
BepTUKalu, HeoOX0AWMO,4TOObI mHapaiie- /’ '
ik

U u3 U Uy COBNAAANU IPYyT C IPYTOM; clie- ' .

u=u,

JoBaTenbHO, B 3TOM ciyuae kpuBaa U(u)
Ha puc. 29 (ctp. 132) pmomsua KacaTbeA
cHU3y ocu aberuce. BeneactBue aToro pe-
ryidpHad npeneccus ABIAETCA IJIA TAMe-
J0ro BOMYKA (B HPOTHBOMONOMHOCTD CBO-
60AHOMY BOIYKY) JMHUIIb YACTMHbLM CAYLAEM
e20 0suceHUA.

Ecau o6a KOpHA uy U U2, COBNAJAIOT Pyc. 53. Crex ocH (GUrypsl TA-
He B TOYHOCTHU, a JHIIb HpI/IﬁJII/I}ReHHO, TO ;KejioTO CUMMETPUYHOI'0 BOJUYKA
BCe ellle UMeeT MeCTO Kadcyujeeca pPaBHO- Ha cdepe eJUHMYHOrO pajuyca
MepHoe NepeMelleHre ocu GUTrypbl BOKPYT
BepPTHUKaIU, Ha KOTOpoe, OJIHAKO, KaK MoKa3bIBaeT Gojee AeTalbHOe pac-
CMOTpeHUe, HaKIaAbIBAIOTCA MaAble Hymayuu. B a3ToM ciydyae Mbl TOBOPUM
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o0 ncesdopezyanpuotl npeyeccuu. llocnenHaAn ABIAETCA TUIUYHBIM ABIEHUEM,
COMPOBO JAIONIUM OObIUHbIE THPOCKONMUYECKUE OMBITHI, B KOTOPBIX MbI CO-
o6I1aeM MaXxoBHUUKY C MMOMOIIbIO IIHYpa BO3MO#KHO Gollee CIbHOE BpalleHue
BOKPYT ocH (GUTypbl, a NOTOM 6e3 3aMeTHOro G0KOBOI'0 TOMYKA MOMeIlaeM
HIKHUN KOHEI[ ero oCH B MOANATHUK (OmOpY).

Mbe1 06BACHAEM 3TO creaytomuM o6pa3oM. B paccmatpuBaeMoM onbiTe
BEKTOpP HayalbHOr'0 MOMeHTa uMmmnynbca N mpoxoqut BOMU3U OCU GUTYPBI;
cornacHo noctpoenuto IlyaHco, To ke camMoe OTHOCUTCA U K HaYalbHOMY
MOJI0#EeHHIO ocU BpalleHuA. Takum o6pa3oM, och GUTYphbl BHAUaje OMUCHI-
BaeT Mallblii KOHTYP Ha cdepe eqMHUUHOTO paguyca (cp. puc. 43); Kacareib-
Hble K 3TOMY KOHTYpY Hapajjeld % = u) U % = Uy PACIONOEHbI GIU3KO
OPYT K OPYTYy W OCTalOTCA B TAKOM IIOJOKEHUU B TeuyeHHe BCEro Ipoliecca
ABUseHNA (KaKk NOKa3bIBaeT CIpaBelINBoe B 00I[EM Clydae n3obpajeHue
Ha puc. 53). MoMeHT uMmyiibca, 8 3HAYUT U YIIOBafAd CKOPOCThb BpallleHuf,
BHayalle BeChMa BeJIUKH; OHU OCTAlOTCA TAKOBBIMU U BO BpeMA MOCIeAYIO-
mero ABueHNA (eciu He YUUTHIBAThL NOTepH Ha TpeHue). Takum o6pasom,
HyTaluy NPOUCXOAAT B OUeHb ObICTPOM TeMmIe U BooOllle MOUYTHU He 3aMeT-
HbI. Bomuok kaxcyuwumca obpasom e noddaemcs 8AUAHUIO CULbL MANHCECMU,
@ NOCIMOAHHO OMKAOHACMCA 68 NePneHouKYAAPHOM K Hell HanpasieHuu. JTO
napajfioKkcalbHOe IOBeJeHUe BOAYKA C JaBHUX [OP NMPUKOBBIBAIO BHUMAaHNE
no0uTelell U uccienoBaTeNell K TEOPUH BOTYKA.

§36. IPYIOoil BbIBOJI YPABHEHUM JATPAHAKA

XoTA NpUHIMN HauMeHbIero AeiiCTBUA U JaeT HaM croco® BbIBOJAA
o6mux ypaBHeHuil JlarpaH:;a, HelnpeB30OHIEHHBIN MO CBOeil HaTJIAJHOCTH
U KpaTKOCTH, Bce ke 3TOT cnocob npejcraBifgeTcd HAM HECKOJbKO HCKYC-
cTBeHHBIM. IIpuBeleHHbII BbIBOJ HEe pacKkpblBaeT UCTUHHON NMPUPOABI ypaB-
HeHuit JlarpaH:ska, 3akiiovaronieiicd B cCBoicTBaxX npeoGpa3oBaHUil pa3nuy-
HBIX MeXaHHYecKHX BearduH. Cleqyonuii BbIBOA AOMKEH BOCHOIHUTD 3TOT
npobeu.

PaccmoTpum crucTeMy n/3 MaTepHaibHBIX TOUEK [1 TOJKHO JEIUTHCA
Ha 3), HA KOTOPYIO HAOKEeHbI NMPOU3BOJbHbIE CBA3U (MJIA MPOCTOTHI Gy-
[IeM CUHTaTh UX ToNOHOMHBbIMHU). Yucno satux cBaAseit pasHo n — f, rae f
03HayaeT YHUCJIO cTeleHeil cBo6obl cucTeMbl. Bynem nonb3oBaTbesa 0603Ha-
ueHHUAAMH, BBefileHHbIMU B § 34 [cp. ypaBHenusa (36.2)]. Ilponymepyem ko-
opauHaThI (KOTOpbIE MbI TeNeph CYMTAEM HPAMOYTOIbHBIME) U 0603HAYUM
UX 4Yepe3 T1, T, ..., Tp; TAK e MOCTYIUM U CO claramliMMU BHEIIHUX
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cun X, Xo, ..., X, KOMNOHEHTHI 371eMeHTapHBIX KOIUUYECTB JIBUMKEHUA
HalIMX MaTepualbHBIX TOueK 06o3HauuM uepes &p, &2, ..., &, [a He ye-
pes pi1, P2, .. 5 Pn, KAK 3TO cleoBalo Gbl cenaTh COrlacHo o6IeMy ycio-

Buio (35.14); 3Tu 0603HAaUEHUA MBI COXPAHUM MJIA JarpaH#eBbIX 00061IeH-
HbIX UMnyabcoB]. Torpa numeem:

Gi=mid, i=1,2,...,m, (36.1)

IpuyYeM BEIUUYUHBI M;, KOHEYHO, IO-TPOe paBHbI Memay coOoii. [IBuse-
HUe Hallleil cUCTeMbI ONKChIBaeTCA ypaBHEeHUAMU JlarpaH:;ia mepBoro poia
(12.9), KoTOpbIe B MPUHATHIX HAMU Telnepb 0603HAYEHUAX MMEIOT CIeAyIo-
AN BUO:

dt; " 9F,
%:Xﬁ— > Mgt i=L2.n (36.2)
n=Ff+1 !
BBezeM Tenepb o6oGuienHbie KOOPOUHAMbBL (1, ... ,(f, KOTOPblE MOTYT

M JOJ#HbI GbITh BbIOpaHbI TaKUM o0pasoM, 4Tobbl [Kak B (34.2)] n — f
yenosuit F, = 0 ynoBiaeTBopanuch To#jecTBeHHo. Torja crapble 1 HOBbIe
06o0uwennble crkopocmu GynyT cBA3aHbl cooTHomenuamu (34.26); paspemasn
nocjieJHUEe OTHOCUTEILHO &, TONYUUM:

f
@ = Zaiqu, i=1,2,...,n. (36.3)
k=1

KoadduuneHTs! a5, KaK MbI yKa3bIBalu B cBA3U ¢ ypaBHeHueM (34.26), AB-
JAIOTCA QYHKUUAMH OT Ty, ... , Tpn, 8 CIEJOBATENbHO, U OT (1, ... , 5. Ta-
KuM o6pa3oM, B TO BpeMsA KaKk cTapble U HOBble KOODJUHATHI CBA3aHbI APYT
C IPYTOM NpPOU3BOAbHBLM (MOYeYHbLLM NpPeobpa3oeanuemp, CKOPOCTH NPeos-
pasyloTcA OpYyT B Apyra JAuHeiliHo, IpuyeM Ko3(GUIUEHTHI 3TOro npeobpa-
30BaHMA, B CBOIO OuYepelib, 3aBUCAT OT KOOPAUHAT.

Rak npeo6pasyioTcea Ipyr B Apyra o6o6uwerHble cuavt? 0603HaYUM HO-
Bble 0600LIEHHBIE CUIIbI Yepe3 Qi U OmpenenuM ux, kak u B (34.7), ycioBuem
WHBapUaHTHOCTU BUPTYalbHOIl paboThl, T.€. C IOMOIILIO COOTHOIIEHUA

n f
SA=Y Xidwi= Qioq. (36.4)
=1 k=1

Hepexonﬂ OT BUPTYaJlbHBbIX HepeMeIJ.IeHPII’I K JeWCTBUTEIbHBLIM U OT IOCHe/-
HUX K COOTBETCTBYIOIIUM CKROPOCTAM U IIPpHMHHUMAasd BO BHUMAaHHE BbIpaiie-
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Hud (36.3), nonyuum us ycnosus (36.4):

n
=

f f
> Quik =Y Xi Y airdr. (36.4a)
k=1 1 k=1

B npoTuBonono#HOCTEL &; BEIUUYUHBI ) He3aBUCUMBI JpyT oT apyra. Cie-

IOoBaTelbHO, KO3(GUIUEHTH NPH i B NpPaBOil U JIeBOH YacTAX paBeHCT-
Ba (36.4a) mo/KHBI GHITH PABHBI MeM Y c000I0; TAKUM 06pasoMm,

n
Qr = ZaikXi, k=1,2,... (36.5)
i=1
dTo mnpeoGpasoBaHue ABIAETCA «TPAHCIOHMPOBAHHBIMY» I10 OTHOIIEHUIO
K npeoGpasoBanuio (36.3), u6o B (36.3) cymMMupoBanue npousBoguted 1o k,
a B (36.5) — no 4. Beinumem noapoGHo:

1 = a11G1 + a12G2 + . ..
Q1 =a11 X1 +anXe+...
T2 = az1q1 + az2qge + ...
Q2 = a12X1 + azXs +...

TakuM 06pa3oM, «TpaHCIO3ULUA» 3aKIIOUaETCA B 3aMeHe a;x, Ha ag;. B a3TOM
cllyJae IPUHATO TOBOPUTh, UTO 0606UEHHblE CUAbL NPEOOPA3YIOMCA KOHMPA-
epaduenmuo’ no OMHOUWEHUI0 K 0606ULEHHbLM CKOPOCTILAM.

Tak e, Kak 0000OUIEHHbIE CHUJBI, T.€. K02PAJUEHMHO ¢ HUMU, Npeos-
pasyloTcA 0606ueHHble umnyabcol. IMIIynIbebl MBI MOMEM paccMaTpHuBaTh
Kak TONUYKHU, coobllaoliye faHHble CKOPOCTU NEpPBOHAYAIbHO NMOKOAMUMCA
MaTepHalbHbIM ToukaM. Eciu HOBble UMIYnbchl 0603HAUUTDL Yepe3 pg, TO
OHU BBIPA3ATCA yepe3 cTapble UMIYJbCHI §; cleqyIoluM 06pa3oMm:

n
Pr = Z a,kfl (36.6)

=1
ITUM H ycTaHaBJIMBAeTCA ompenelienne 0000111eHHBIX UMIYJbCOB Pg. JTo

onpejeneHue, npaBjia, DOBOJbHO CJI0#HO, HO OHO MOeT GbITh JEerko Ipe-
o6pa3oBaHo K Goilee comepskaTelbHOMY BuAY. C 3Toil Lenbio paccMOTpUM,

lCornacHo MPUHATHIM B 06mell TeOPHM OTHOCUTENLHOCTH 0603HAUEHHAM, HHIEKCHI
Yy KOHTparpajiMeHTHbIX (MJIM KOHTPaBapUaHTHBIX) BEJMYMH (Q, p MUIIYTCA CBEPXY, B OT-
JIM4re OT KOBaPUAHTHBIX BENUUUH (. OQHAKO A HAIKUX Lesell HAM HeT HeOGXOAUMOCTH
BBOJUTL pa3Hble 0003HaUYeHHA A KOBAPUAHTHBIX Y KOHTPaBapHMaHTHBIX BENUYHH.
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nofgo6HO U3T0MEHHOMY Ha CTp. 248, BhIpameHNA KUHETHUYECKOU DHepruu
KaKk (yHRKLIUH, C OOHOI CTOPOHBI, ¢ U, C APYTOil CTOPOHBI, &, IPUUYEM B CIy-
yae He06X0AUMOCTU MbI Gy/leM UX pasiuyaThb ¢ MOMOIIbIO 0603HaYeHU

Tq u T:ic-
B cooTBeTCcTBUU C 3TUM npe06pa3yeM BbIpasieHHe

0Ty = OT; [&Jb-]
— = L . 36.7
O X; O0; | Ody (36.7)

i=

KBagpaTHble cKOGKYU 3[]eCh 03HAYAIOT, UTO NpHU AU depeHNNPOBAaHIH IO
KaK j, TaKk U BCce OCTalbHbIEe §, KPOMe (j, CUNTAIOTCA MocToAHHbIMU. Ho

IIPH 3TOM YCIOBUU MPOU3BOJHAA ——, COTMIACHO cooTHomeHuo (36.3), paBHa

Iy
oqr’

npocto a;;. C Apyroii CTOpOHBI, BeMeHTapHad Gopmyia

JaeT, 0YeBUIHO,
oT; 13
o0x; v

Takum o6pasom, popmyina (36.7) npuHUMaeT BUA

qu Z ainki. (36.8)

IIpaBas yacThb MOIYYEHHOTO PABEHCTBA COBINAAAeT C MPaBoii YacTbIO PaBeH-
ctBa (36.6). OTclona peayabrar:

(36.9)

IIpunumas, 4yTo BHelIHUe CHJIbI UMeIOT NMoTeHIUan V, He 3aBUCALINII OT ¢,
1 BBoAA ¢yurnuio Jlarpanma L = T — V, moxHo BMecTo popmyisl (36.9)
HalucaTh TaKiKe

OL

i (36.9a)

Pk =
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Tem cambIM MbI 060cHOBanu B o6meM Buje onpenenerue (35.14) o6o6iieH-
HOT'0 UMIYJIbCa Py.

Tenepsb MbI Mos#eM peoGpa3oBaTh U ypaBHeHuA ABienud (36.2) K Ha-
muM 060061eHHbIM KoopAnHaTaM. [Id 3Toil nelu yMHOMUM 3TU YpaBHEHUA
I0oYepeiHo Ha a;; U npocyMmmupyeM 1o 4. Coraacuo dpopmyie (36.5), B mep-
BOM YJIEHE MPAaBOii YacTH MOIYYUM:

__oV
Qu=-5 (36.10)

Bo BTOpoM wieHe MpaBoil YacTH MHOMKHUTeNeM NPH A, Oyger
n
OF,
Zaik—” npu p=f+1,...,n. (36.11)
— " O;

Ho, coraacuo dopmyie (36.3), umeem:

A = (36.12)

Oq ’

B sToMm nerko y6eanuThes, ecnu B ypaBHeHUU dx; = Y a;dqy, TOMKAECTBEH-
HOM ¢ ypaBHeHueM (36.3), durcupoBaThb Bce ¢, KpoMme gi. Takum o6pasom,
Boipasenue (36.11) npuHMMaeT clefyIOUNi BUL:

8F ox; _ BFH
Z dz; Oqi, ~ Oqi,’

Ho nocronbry npu HameM BbiGope gy, yHruuu Fj, npu p = f+1,...,n
TOH/IeCTBEHHO ofpamaiTca B Hydb [coriacHo (34.2)], To oGpauaercd
B Hy/lb TaK:e M 4acTHas npousBoiHad F), mo g;. Takum o6Gpasom, mpa-
Baf 4acTh HaIlero ypaBHEHWA CBOAUTCA K Bbipamenuio (36.10). B neoit

YacTu BHa4daJje MoJy4nuM:
a dg;
Z ]
— " dt
(3

IIpeo6pasyem 3To BhIpaieHue:

dt Z azkfz Z 51 dalk = % Z Ez (;lt gjl (36.13)
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[mpu 3TOM MBI Hcnoab30Baiu Gopmyist (36.6) u (36.12)]. Mocnenniowo cym-
My MbI TI€penuchiBaeM B BU[E

.08 91 - O
Zmlwla% T 9g 22T 3QkT'

3nech uHjeKc ¢ npu T yKas3bpIBaeT, UTO NpexiHee BbIpameHue 1 yepes CKo-
poctu & mepen auddepeHNINPOBAHUEM MO ¢ OON#HO OBITH MpeoGpa3oBaHO
K TIepeMeHHBIM ¢, ¢. B cooTBeTcTBUM ¢ 3THUM NpaBas 4yacTb paBeHCTBA
(36.13) npuHuMaeT BUA

dpy 9T

_ = = 36.13

dt oq ( 2)
Tak Kak 9TO BbIpameHue [I0J#HO GbITh paBHO Bbipamenuio (36.10), To mMbl

nonyydyaem:
do _ T _ 9V _ OL (36.14)

dt  9dq, Oqr  Oq
Ho aT0 ypaBHeHue, npuHuMan Bo BHUMaHue popmyny (36.9a), BoiHe uaeH-
TUYHO ¢ ypaBHeHueM Jlarpan:xa B popme (34.6), unu, eciu He mpeanosaraTh
cyllecTBOBaHUA MOTEeHIUAIbHOM BHEPTHH, ¢ YpaBHeHueM Jlarpansa B ¢op-
Me (34.8).

TakuMm obpa3oM, Bce U3N0MeHHOe yOemJaeT HAaC B TOM, UTO IIPH BBI-
Bofle ypaBHeHuii Jlarpanska MoskHO 06GoiiTUCch Ge3 MPUHIUNA HAUMEHbIIETo
JOeificTBUA, €ClId TONbKO BMECTO 3TOr0 JOCTATOYHO TIIyGOKO HCCIENO0BaTh
cBoiicTBa NMpeoOpa3oBaHUil MeXaHUUECKUX BEIUYUH.

§37. MIPUHIIUII HAUMEHBIIIETO TEACTBUA
MOIIEPTION

B konue §33 Mbl roBopuin 0 me.aeoao2uieckom XapakTepe MPUHIU-
na HauMeHblIero aeiicTBuA. «Teleonornyeckuily 3HaUUT «11eecoo0pas3HbIii»
WM «lelleHanpaBieHHbliy. «13 BceX BO3MOMHBIX IBUMEHUI NPpUPOIa BbIOH-
paeT To, MpU KOTOPOM LieNb JBUMEHUA JOCTUraeTCcA C HauMeHblell 3aTpa-
TOil JelicTBUA» — TaKoBa Bo3Mo;kHaA (opMyJIMpPOBKA IPUHIUIA HAUMEHb-
mero JeficTBUA, XOTA U BecbMa HeoIllpejlelleHHaA, HO BIOJIHE COOTBETCTBY-
IOlIafA M0 CBOEMY CMBICIY Hee YUEHOro, OTKPBIBIIEr0 3TOT NMPUHIUI.

MonepTtiou onmyGaukoBan cBoil mpuHuun B 1747 r. Emy ykasanu Ha
nuceMmo JleitbHuna, otHocAmeeca kK 1707 r. (opuruHan 3Toro muchbma He
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COXPaHUJICA), HO OH PEBHOCTHO 3allMIIa] CBOI IPUOPUTET, HE OCTAHABIN-
BafAcb Jajie Nepej UCIOIb30BaHHEM CBOell BIacTH B KayecTBe IPe3ujeH-
Ta Bepaunckoit aragemun. OgHaro 6onee onpeeneHHY0 MaTeMaTHUECKYIO
¢bopMy NPUHIUNY HAMMEHBIIEro AelicTBUA NPUAANU TONbKO Jiliep U, B 0CO-
6enHocTH, Jlarpax.

B npuBenenHoit ¢opMynupoBKe NMPUHIINIA CONEPKUTCA NBOAKAA He-
OlNpeeNeHHOCTh:

1) Yro caeayeT 3mech NOHUMATD MOJ CIOBOM «feiicTBuey? O4eBUAHO, He
TO e caMoe, UTO IMIOHNMaeTcA MO 3THM CcloBoM B npuHnune ['amunnTona,
NOCKOJbKY pedb Tenepb UaeT o GopMyIUpPOBKe, XOTA U GIU3KOM K raMullb-
TOHOBCKO#1, HO BCe 7K€ OTJIUYHON OT Hee.

2) Uto 3HAUUT «Bce BO3MOsiHbIe ABUHeHuA»! CoBepiieHHo Heo6X0 MO
TOYHO ONPeJeNUTh COBOKYHOCTb BCeX CPABHUBAEMbIX IBUMEHUI, UTOObI U3
HUX MOHO GbLIO BRIOPATh UCTUHHOE JBUMEHNEe Kak Hauboee enecoobpas-
HOe WM HauBBITONHeIIee.

K nyurty 1. Jleitbunn paccMaTpuBal B KayecTBe dIeMeHTapHO-
ro pgeiictBuAa npousBenenue 27 - dt. Mpl Takme GyleM HUKe TepMUHaMU
«MHTerpan feicTBUA» UK «pYHKIUA AeficTBUA» 0603HAYATH BEAUUUHY!

t1
S = 2/Tdt. (37.1)

to

MonepTioun, KoTophlii, Kak U JlekapT, cYUTal OCHOBHOU JUHAMHUYECKOI Be-
JUYUHON KOJHUYECTBO JBUMKEHUA Mv, paccMaTpPUBal B KauecTBe BjleMeHTap-
HOTO JelicTBUA mpousBeaeHue mu - ds. flcHo, omHaKo, UTo 06a 3TU onpeje-
nenua — Jleii6Huna u MonepTion — [IJiA cliydas OTAelbHOM MaTepualbHOM
TOUKU COBMAJaloT, MO0 UMeeT MecTO COOTHOIIeHe

2T - dt = mv - vdt = mv - ds. (37.2)

Ho »sto0 coBlajgeHne 0060uX onpeneneﬂnﬁ uMeeT MeCTO W [JIA JH0ObIX
MeXaHn4YeCKuX CHUCTeM, eClId Iona neiicTBUEeM IOHUMATh CYMMY DJJIeMeH-
TOB M Vg dSk, B3ATYIO 110 BCeM MaTepuallbHBIM TOYKaM.

!MHomuTens 2, pasymeeTcA, He cyllecTBeHeH [JIA Bolpoca o MUHUMYyMe S, HO OH
oKasbIBaeTcA yJOOHBIM JJA Moclenyomux ¢opmyanpoBok B §43. Bnpouewm, y JleiibHuna
6bliIa ellle HEKOTOPad Heolpe/eleHHOCTb B BOIIPOCe 0 TOM, Ha3BaTh Ay « Vis vivay («xuBas

1
cyma») mv2 nian, Kar 3To JejaeM Mbl, —mvz.

2
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K nyurty 2. IIpu paccMoTpeHuu mnpuHnuna l'aMuUIbTOHA MBI
OrpaHUYUBAIYM COBOKYMHOCTD MOJNEKAlIUX CPABHEHUIO IBUAKEHUN YCIOBUA-

mu (33.1) u (33.2). YcaoBue (37.2) Mbl cCOXpaHUM,
ycioBue e (37.1) u3aMeHUM. A MMeHHO, BMec-
T0 6t = 0, MbI moTpeGyem, 4TOGBI UMEIO MECTO

SW = 0. (37.3)

Takum 06pasoM, Mbl CPAGHUBAEHM MOALKO MPAEK-
mopuu ¢ makotl e sHepeuell, KaAK dHepeus pac-
cmampueaemoti mpaexmopuu. TeM caMbIM, pasy-
MeeTcA, Mbl yTBep#iaeM, YTO pacCMaTpPUBaeMblii
HaMK Telepb NPUHIUI HAUMeEHbIIEero AeHCTBUA
CpaBelUB TONbKO MIA IOBUMEHUH, MpPU KOTO-
PbIX BBIMOJHAETCA 3aKOH COXPAHEHHA SHEpPruw,
T.e. A ciydyaf, KOrJa CWIbl MMeIT MOTeHIIU-
an. Eciu Mbl 0603HaUMM 3TOT NOTeHUan Yepes V
W, COOTBETCTBEHHO, [UIA BapbUPyEeMbIX TPaeKTO-
puit — uepe3 V + §V, o, B cuiy ycnosus (37.3),
6yaeM UMeTh:

5T + 6V =0,
8V = —6T,
5L = 6T — 6V = 20T.

(37.4)

Uto6bl HArIAJHO NPEACTaBUTh ce0e CYIHOCTD U3-
MeHeHU i, BHECEHHBIX ycinoBueM (37.3), BCIOMHUM
puc. 51. Ha aTom pucyHke Be TOUKHU, CBA3aHHbIE
IpyT ¢ ApyroM Bapualuei d¢, COOTBETCTBYIOT OJI-

Puc. 54. Bapuanus «Tpa-
€KTOpPUHM» B IPHHIHUIE
MomnepTiou. BBupy Toro
YTO DHEPruA He Bapb-
upyercd, TOUKa ¢ UCXOA-
HOIl TPaeKTOpPHHM U TOY-
Ka ¢ + dq BapbHpOBaH-
HOIl TpPaeKTOPHUH OTHO-
CATCA K Pa3inYHbIM Bpe-
MeHaMm t u t + 0t. Ko-
HeyHO!l Touke P coot-
BETCTBYyeT Ha BapbUpO-
BaHHOHN TPaeKTOPUU TOY-

Ka @)

HOMY U TOMY #e MOMeHTY BpemeHU t. Tenepb 3To He Tak: BpeMf B Baphb-
MPOBaHHOMN TOUKe paBHO He ¢, a t+Jt (cp. puc. 54). llosromy BapbupoBaHHan
TpPaeKTOpUA [JOCTUraeT KOHeYHo! Touku P He B MoMeHT t = t;, a B JaH-
HOM cly4ae, coriacHo puc. 54, B 6ojee N03qHUII MOMeHT BpeMeHH. Tou-
Ke () Hallleil BapbUpPOBaHHO!N TPaeKTOPUU, OTHOCAIIEHCA K MOMEHTY BpeMe-
HU t = t1, HA UCXOAHOW TPAaeKTOPUU COOTBETCTBYyeT 6ojiee paHHUN MOMEHT

BpemeHu t; — Otq.

B cooTBeTcTBHHU C 3TUM, IpOCIeJUM BBIKIAJKHU, cOlepalnyeca B § 33.
CootHomwenua (37.3) u (37.4) u Temepb ocTalOTCA B CHlle, HO COOTHOIIe-
Hue (37.5) HysHO M3MEHUTb, TaK KaKk OHO, KaK MbI yKe MOJ4epKHUBaIH,
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crnpaBeanBo Toabko npu 0t = 0. YTo6bI HARTH HOBOE COOTHOIIEHUE, 3aMe-
uswoiee (33.5), o6pazyeMm Bapuauuio

. dx+dz) 4y
0% = d(t +6t) dt’ (37.5)

[Tepenuiem nepByo NpOM3BOAHYIO IPaBOil YacTu B BHJE

) () (4 )

_ dm i
=0 dt(éx) dt(ét) +..., (37.6)

npUYeM OMyIeHHbIe YIeHbI ABIAIOTCA MalbIMU BhICIIEro nopaaka. lloatomy
u3 paBeHcTBa (37.5) caenyert:

0x = dt(&x) - a:—(ét) T. €. dt(&x) =i + xd—(ét) (37.7)

MoxncraBaas mocienHee BbIpameHne B paBeHCTBO (33.4), HAX0OUM IUIA IIO-

6oro uHjgekca k:

Hockoabry cooTHomenue (37.8) B Takoii #e Mepe, Kak U JUIf T, COPABEIINBO
IJAl KOOPAWHAT Y U z, U3 ypaBHeHu#t (33.3) monyuaem Bmecto (33.8):

:Z'k 5.’L‘k =

Z mi (k Ok + Gi Oyk + 2k O2k) = OT + 2T 4 (6t) +0A.  (37.9)

Mpunumasn Bo BHUMaHKe ycioBue (37.4), Hon0kuM

0A = -0V = +4T. (37.9a)
IIpu aToM B mpaBoil yacTu paBeHcTBa (37.9) monyuum:
20T + 2Tdd—‘it. (37.10)

Tenepb npounterpupyem paBeHcTBo (37.9) ot to no t;. lIpu atom, B cury
yeaoBud (33.2), neBag yacTh oGpaijaerca B Hyqlb; BBUay (37.10) monydaem:

t1
/§Tdt+2/Td(5t (37.11)

to
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Ho neBas yacTb ABndeTcA He 4yeM HUHBIM, KaRk
25/Tdt (37.12)

uid, Ha ocHoBaHuu (37.1),

3S =0. (37.12a)

Tem caMbIM MbI MOJpOoGHO 060CHOBaNM MPUHIIMI HAUMEHLIIEro JefACTBUA
B popme MomnepTiou.

Mo noBoay nepexopa ot ¢opmyist (37.11) & (37.12) Heob6xoauMoO emte
3aMeTHUTh cleayiomee. B ciyuae npunnuna ['amMunbToHa Mo#HO Ob1I0, BBU-
oy 6t = 0, cYMTaTh TOHJECTBEHHBIMHU 00a CUMBOIA

J/Tdt u /JTdt,

KaK 3TO MMeNo MecTo, Hanpumep, AiaA paBeHcTB (33.10) u (33.11). Ogxaro
C Halllell TermepenrHeil TOYKU 3PEHKMA OHU CYIIeCTBEHHBIM 06pa3oM OTinYa-
I0TCA APYT OT JAPYra, B YeM MOKHO YGeIMThCA IMyTeM CPAaBHEHUA BhIIe-
NpHUBeJeHHbIX Bhlpamenuit (37.11) u (37.12).

Ecau Mbl paccMOTpUM 4acTHBIN cilydail cBOGOJHOTO NBUMEHUA, TO IJA
Hero u3 3axkoHa coxpanenus sueprun T = W u us (37.12), npunumas Bo
BHUMaHHe ycinoBue (37.3), nerko HaiTu:

é/dt = 5ty — o) = 0. (37.13)

Mb1 npumiay K NPUHOWIY KpaTyaiillero BpeMeHU IpuXoja, chopMynupo-
BaHHOMY ®epma U NPHUMeHEHHOMY UM K NpeloMJIeHHIO cBeTa, Iocie TOro
KaK ellle B IpeBHOCTH I'epoH cooTBeTcTBYIOMUM 06pa3oM paccMOTpel OT-
paskeHUe cBeTa.

lIna ciyyaa cBoGoAHON MaTepualbHOH TOYKM Mo#HO BMecTo I' = W
B3AThb v = const u BMecTo (37.12) Hanucathb

5/vdt-5/ds-0 (37.14)

B sToM cocTouT npunyun kpamuatiutezo nymu, KOTOPLII oNpefeiAeT Tpaek-
TOpHIO cBOGOJHON MaTepHalbHONH TOUKU Ha KPUBOI MOBEPXHOCTH, a TaKke
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(B 06IIell TeOpUHM OTHOCUTEILHOCTH) HA MPOU3BOIBLHO UCKPUBIEHHOM MHO-
rooGpasuu, Kak zeodezuieckyio aunuwo. K aTomy ™Mbl BepHeMcA B § 40.

B cBoux 3HamMeHUTHIX «J/IeKNUAX MO TUHAMUKe», YNTaHHbIX B 1842 r.
B KeHI/IFcﬁeprel, fxo6u ob6ocHOBaad HEOOXOAMMOCTL IMOJHOT0 HCKJIIOUYEHUA
BpeMeHHU ¢ 13 BbIpaKeHUA NPUHIUIIA HAUMEHbIIEro JeficTBUA. TO BO3MOM-
HO TIOTOMY, UTO

_ 1 2_1Emkdsi
T—W—V—§kavk—577
OTKYy/a
Y PILILL 3
2(W -V)

Takum o6pa3oM, BMecTo ycioBud (37.12) MomHO N0Tpe6OBaTH:

5/\/2(W—V),/ka ds? = 0. (37.15)

3nechb BapualuA NpU MocToAHHOM W paclnpocTpaHAeTcA TOJbKO Ha Mpo-
CTPaHCTBEHHbIe NTapaMeTphl TPAeKTOPHH CUCTEMBI, B TO BpeMA Kak 0 ee
BpPeMEeHHOM Xojie BOOOIle He TOBOPUTCA.

BosBpamasch cHOBa K TeJleolOrnvyecKkoil CTOpOHe 3TOro MPHHINIA
Y NpUHIINIA HAUMeHbIIero aelicTBuA ['aMuiabToOHa, 3aMeTUM, UTO «<HAUMEHb-
ee JeficTBUEY MPU U3BECTHBIX 0OCTOATENbLCTBAX MOMKET OKa3aThCA U «HaU-
GonbmuMm aetictBuemy. Jleno B ToM, 4To TpeGoBaHue § ... = () COOTBETCTBY-
eT co6CTBEHHO He MUHUMYMY, @, BoODlile roBops, AUllb sxcmpemymy. llpoie
BCEro 3TO MO#HO NOKa3aTb Ha IpUMepe reoje3NyecKuX JUHUI, Ha IOBEPX-
HOCTHU IlIapa, KOTOPbIe ABIAIOTCA IyraMu 0onbuX KpyroB. Eciu HavanbHas
Touka O ¥ KOHeuHafi Touka P TpaeKTOpUU HAXOJATCA B OJHOM M TOM e
HOJyIIapuy, TO Ayra 00JbIIOro Kpyra, HeloCpPeCTBEHHO COeINHAIIAA 3TH
IBe TOYKH, GyleT, mpaBjia, Kopoie BCEX KPYTroBbIX YT, MOJIYYaIOUIMXCA OT
nepeceyeHusA cdeppl ¢ MIOCKOCTAMU, npoxoaAamuMu yepes O u P, Ho He
yepes LEHTP lIapa; 0OJHAKO U JIOMOJHUTENbHAA Jyra 60JibIIOro Kpyra, KoTo-
pad IpH NPOTHUBOIOJIOHHOM HayalbHOM HalpaBleHUU ABUKEHUA MPOXOIUT
ot Toukn (O uyepe3 Bce BTOpOe Hoayliapue K Touke P, mpeicraBider co-
601 reole3aNUECKYI0 JTUHUIO, IPUYEM 3Ta JUHUA JAUHHee BCEX OCTalbHBIX
KpYToBbIX AyT, npoxoaamux ot O k P uyepe3 BTopoe mnoaymapue. OTciona

1K.fAKo6u, Jekuuu no gunamuke, OHTH, 1936.
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MBI 3aKRJII04YaeM, YTO UHTerpaibHble MPUHIKIIBI OTPaKalOT He «lleJieHanpas-
JI€eHHOCTbY» NMPUPOAbI, a JIUIIb HEKOTOPOE MaTeMaTUYeCKU 0COOEHHO BbIpa3u-
TelbHO chOPMYIMPOBaHHOE YKCTPEMalbHOE CBOHCTBO 3aKOHOB AMHAMUKU.

MonepTion cuuTan cBoil mpuHIUN Haubojee OGI[MM U3 BceX 3aKOHOB
npupoasl. B HacToslee BpeMA MBI CKOpee CKJIOHHBI IPU3HATh 3Ty BceoOl-
HOCTb 3a NMPHUHIWIOM HauMeHbllero aeiicTBuf ['amunabTroHa. Mer y:xke yno-
MHUHaI4 Ha cTp. 246 o Tom, yTo ['elbMroabIl MOTOMKUI S3TOT NPUHIUN B OC-
HOBY CBOMX HCCI€JOBaHUil Mo 3ineKTpoAnHamMuKe. C TeX mop WHTerpajibHble
NpUHLUNBI B popMe 'amMuiabTOHA HANIM NpUMeHeHNe B caMbIX pa3iuyYHbIX
obnacTAX PU3UKU.

Oco6oe nmpenMyiiecTBo npuHuuna 'amuabToHa oOHapy#UBaeTCcA B Me-
XaHUKe CILUIOLIHBIX cpel, IOCKOJbKY 3TOT NPUHIUI NPUBOAUT HE TONbLKO
K auddepeHLUaNbHbIM yPaBHEHUAM 3alaul, HO TaKk:Ke U K KpPaeBbIM YCIO-
BUAM, KOTOPLIM [OJKHbI yIOBIE€TBOPAThL pellleHUuA 3TUX AuddepeHHaNb-
HbIX ypaBHEHUI B YaCTHBIX IPOU3BOAHbIX. Bo MHOrUX ciydasax Heo6X0IUMO
BHaualne uckaTh GpyHrnuio Jlarpaumka L (BXOAALYIO B BbIpaeHe Bapuanu-
OHHOTO MPHUHIIKIIA) B 3aBUCUMOCTH OT XapaKkTepa 3agauu. ITO UMeeT MecTo,
Halpumep, [IpU JBUKEHUU 3JeKTPOHA B MarHUTHOM Ilojle, Korja JedcTBY-
Ioljasg cuila He MMeeT MoTeHIMana V'; nalee — B TeOpUU OTHOCUTENbHOC-
TH, Korga L Henb3A BBIPA3UTh C MOMOIIBIO BBIBEJEHHOI'O HaMU BbIpaie-
uuA (4.10) qnA KUHETHYECKON BHEPrUH. 31eCh POIllb (KUHETHYECKOI» YacTH
NpUHIUIA HaUMeHbIero AeficTBUA UrpaeT BbIpameHUe

—moc? / V11— p2dt. (37.16)

ditnepoBa NpoU3BOJHAA TOTO BbIPaMKeHUA NPUBOJUT MPAMO K PEIATUBUCT-
ckoMmy umnyibcy G B dopme (2.19), a, ciefoBaTelbHO, Tak#e U K 3aKOHY
3aBHCHMMOCTHU Macchl 3JIEKTPOHA OT ero ckopocTH. Boobiiie roBops, Haxosiae-
Hue ¢yHruuu Jlarpanxa L, npuBojAlleil yepes NocpecTBO BADUALIUOHHOTO
NpPUHOKIA K 3aJaHHbIM Aud depeHnualbHbIM 3aK0HaM, ABaAeTcA (B 0coGeH-
HOCTH BHE [IPEJe]0B MEeXaHWKM) TPYIHOM 3afadvei, JiA pelIeHUA KOTOPOWH
He cyllecTByeT oOIUX mpaBuil. [lifA yKa3aHHOTO BbIlle Clydyas [BUEHUA
3JEeKTPOHA B MarHMTHOM I0JIe 3Ta 3ajaya Oblia BeCbMa MPOCThIM coco6om
paspeniena Jlapmopom u IIBapumuiabaoMm. B aTom cinyuae pasinoxmenue L
Ha KMHETHYeCKYIO U NOTeHIUalbHYy0 YacTu no cxeMe L = T — V, BooGe
roBoOps, y#e HeBO3MOHHO.

Crnenyet oco00 NMOJUEPKHYTh, YTO BeJIUYHMHA, CTOANIAA B BhIpake-
Huu (37.16) mox 3HAKOM MHTerpajia, ABIAETCA HE YeM HUHBIM, KaK dJIeMeH-
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TOM co6cTBeHHOro BpeMeHnu (2.17), KoTopbiil Obln mpusHad MUHKOBCKUM
NpoCTEeNIIUM MHBAPDUAHTOM CHelNalbHONH TeOopUH OTHOCUTEILHOCTU U BBe-
IeH JUHIITEHHOM B KauecTBe BJIeMEeHTa MUPOBOii JTMHUHU B 06IIYIO TEOPUIO
oTHocuTenbHocTU. Takum obpasom, npunnun ['amuiabToHa B dopMyIupoB-
Ke (37.16) aBTOMaTHYecKH yJOBIETBOpAeT TpeGOBaHUIO WHBAPUAHTHOCTHU
Teopuu OTHOcUTedbHOCTH. B 3Tom Ilnank! BumuT «Hauboiee GiaecTAmumii
ycmex, JOCTUTHY ThIif MPUHIIUNIOM HaWMeHbIIEro AeicTBUAY.

1CMm. noyuuTtensHyio cratbio B «Die Kultur der Gegenwarty, Teil III, Abteilung III, 1
(Leipzig, 1915, B. G. Teubner, S. 701).



